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GLOBAL AND LOCAL REGULARITY OF FOURIER
INTEGRAL OPERATORS ON WEIGHTED AND
UNWEIGHTED SPACES
DAVID DOS SANTOS FERREIRA AND WOLFGANG STAUBACH
Abstract. We investigate the global continuity on Lp spaces with p ∈
[1,∞] of Fourier integral operators with smooth and rough amplitudes
and/or phase functions subject to certain non-degeneracy conditions.
We initiate the investigation of the continuity of smooth and rough
Fourier integral operators on weighted Lp spaces, Lpw with 1 < p < ∞
and w ∈ Ap, (i.e. the Muckenhoput weights), and establish weighted
norm inequalities for operators with rough and smooth amplitudes and
phase functions satisfying a suitable rank condition. These results are
then applied to prove weighted and unweighted estimates for the com-
mutators of Fourier integral operators with functions of bounded mean
oscillation BMO, then to some estimates on weighted Triebel-Lizorkin
spaces, and finally to global unweighted and local weighted estimates
for the solutions of the Cauchy problem for m-th and second order hy-
perbolic partial differential equations on Rn.
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Introduction and main results
A Fourier integral operator is an operator that can be written locally in
the form
Ta,ϕu(x) = (2π)
−n
∫
Rn
eiϕ(x,ξ)a(x, ξ)û(ξ) dξ,(0.0.1)
where a(x, ξ) is the amplitude and ϕ(x, ξ) is the phase function. Histori-
cally, a systematic study of smooth Fourier integral operators with ampli-
tudes in C∞(Rn × Rn) with |∂αξ ∂βξ a(x, ξ)| ≤ Cαβ(1 + |ξ|)m−̺|α|+δ|β| (i.e.
a(x, ξ) ∈ Sm̺,δ), and phase functions in C∞(Rn × Rn \ 0) homogenous of
degree 1 in the frequency variable ξ and with non-vanishing determinant of
the mixed Hessian matrix (i.e. non-degenerate phase functions), was initi-
ated in the classical paper of L. Ho¨rmander [20]. Furthermore, I. Eskin [11]
(in the case a(x, ξ) ∈ S01,0) and Ho¨rmander [20] (in the case a(x, ξ) ∈ S0̺,1−̺,
1
2 < ̺ ≤ 1) showed the local L2 boundedness of Fourier integral operators
with non-degenerate phase functions. Later on, Ho¨rmander’s local L2 result
was extended by R. Beals [4] and A. Greenleaf and G. Uhlmann [15] to the
case of amplitudes in S01
2
, 1
2
.
After the pioneering investigations by M. Beals [3], the optimal results
concerning local continuity properties of smooth Fourier integral operators
(with non-degenerate and homogeneous phase functions) in Lp for 1 ≤ p ≤
∞, were obtained in the seminal paper of A. Seeger, C. D. Sogge and E.M.
Stein [33]. This also paved the way for further investigations by G. Mock-
enhaupt, Seeger and Sogge in [26] and [27], see also [34] and [35]. In these
investigations the boundedness, from Lpcomp to L
p
loc and from L
p
comp to L
q
loc
of smooth Fourier integral operators with non-degenerate phase functions
have been established, and furthermore it was shown that the maximal op-
erators associated with certain Fourier integral operators (and in particular
constant and variable coefficient hypersurface averages) are Lp bounded.
In the context of Ho¨rmander type amplitudes and non-degenerate ho-
mogeneous phase functions which are most frequently used in applications
in partial differential equations, it has been comparatively small amount
of activity concerning global Lp boundedness of Fourier integral operators.
Among these, we would like to mention the global L2 boundedness of Fourier
integral operators with homogeneous phases in C∞(Rn ×Rn \ 0) and am-
plitudes in the Ho¨rmander class S00,0, due to D. Fujiwara [12]; the global
L2 boundedness of operators with inhomogeneous phases in C∞(Rn ×Rn)
and amplitudes in S00,0, due to K. Asada and D. Fujiwara [2]; the global
Lp boundedness of operators with smooth amplitudes in the so called SG
classes, due to E. Cordero, F. Nicola and L. Rodino in [8]; and finally, S.
Coriasco and M. Ruzhansky’s global Lp boundedness of Fourier integral op-
erators [9], with smooth amplitudes in a suitable subclass of the Ho¨rmander
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class S01,0, where certain decay of the amplitudes in the spatial variables are
assumed. We should also mention that before the appearance of the pa-
per [9], M. Ruzhansky and M. Sugimoto had already proved in [31] certain
weighted L2 boundedness (with some power weights) as well as the global
unweighted L2 boundedness of Fourier integrals operators with phases in
C∞(Rn ×Rn) that are not necessarily homogeneous in the frequency vari-
ables, and amplitudes that are in the class S00,0. In all the aforementioned
results, one has assumed ceratin bounds on the derivatives of the phase func-
tions and also a stronger non-degeneracy condition than the one required in
the local Lp estimates.
In this paper, we shall take all these results as our point of departure
and make a systematic study of the global Lp boundedness of Fourier in-
tegral operators with amplitudes in Sm̺,δ with ̺ and δ in [0, 1], which cover
all the possible ranges of ̺’s and δ’s. Furthermore we initiate the study of
weighted norm inequalities for Fourier integral operators with weights in the
Ap class of Muckenhoupt and use our global unweighted L
p results to prove
a sharp weighted Lp boundedness theorem for Fourier integral operators.
The weighted results in turn will be used to establish the validity of certain
vector-valued inequalities and more importantly to prove the weighted and
unweighted boundedness of commutators of Fourier integral operators with
functions of bounded mean oscillation BMO. Thus, all the results of this
paper are connected and each chapter uses the results of the previous ones.
This has been reflected in the structure of the paper and the presentation
of the results.
Concerning the specific conditions that are put in this paper on the phase
functions, it has been known at least since the appearance of the papers
[12], [2], [31] and [9], that one has to assume stronger conditions, than mere
non-degeneracy, on the phase function in order to obtain global Lp bounded-
ness results. In fact it turns out that the assumption on the phase function,
referred to in this paper as the strong non-degeneracy condition, which re-
quires a nonzero lower bound on the modulus of the determinant of the
mixed Hessian of the phase, is actually necessary for the validity of global
regularity of Fourier integral operators, see section 1.2.5. Furthermore, we
also introduce the class Φk of homogeneous (of degree 1) phase functions
with a specific control over the derivatives of orders greater than or equal
to k, and assume our phases to be strongly non-degenerate and belong to
Φk for some k. At first glance, these conditions might seem restrictive, but
fortunately they are general enough to accommodate the phase functions
arising in the study of hyperbolic partial differential equations and will still
apply to the most generic phases in practical applications.
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Concerning our choice of amplitudes, there are some features that set our
investigations apart from those made previously, for example partly moti-
vated by the investigation of C.E. Kenig and the second author of the present
paper [23], of the Lp boundedness of the so called pseudo-pseudodifferential
operators, we consider the global and local Lp boundedness of Fourier in-
tegral operators when the amplitude a(x, ξ) belongs to the class L∞Sm̺ ,
wherein a(x, ξ) behaves in the spatial variable x like an L∞ function, and in
the frequency variable ξ, the behaviour is that of a symbol in the Ho¨rmander
class Sm̺,0.
It is worth mentioning that the conditions defining classes Φk, L∞Sm̺ and
the assumption of strong non-degeneracy make the global results obtained
here natural extensions of the local boundedness results of Seeger, Sogge and
Stein’s in [33]. Apart from the obvious local to global generalizations, this
is because on one hand, our methods can handle the singularity of the phase
function in the frequency variables at the origin and therefore the usual as-
sumption that ξ 6= 0 in the support of the amplitude becomes obsolete. On
the other hand, we do not require any regularity (and therefore no decay of
derivatives) in the spatial variables of the amplitudes. Therefore, our am-
plitudes are close to, and in fact are spatially non-smooth versions of those
in the Seeger-Sogge-Stein’s paper [33]. Indeed, in [33] the authors although
dealing with spatially smooth amplitudes, assume neither any decay in the
spatial variables nor the vanishing of the amplitude in a neighbourhood of
the singularity of the phase function.
There are several steps involved in the proof of the results of the pa-
per and there are discussions about various conditions that we impose on
the operators as well as some motivations for the study of rough operators.
Moreover, giving examples and counterexamples when necessary, we have
strived to give motivations for our assumptions in the statements of the the-
orems. Here we will not mention all the results that have been proven in
this paper, instead we chose to highlight those that are the main outcomes
of our investigations.
In Chapter 1, we set up the notations and give the definitions of the classes of
amplitudes, phase functions and weights that will be used througt the paper.
We also include the tools that we need in proving our global boundedness
results, in this chapter. We close the chapter with a discussion about the
connections between rough amplitudes and global boundedness of Fourier
integral operators.
Chapter 2 is devoted to the investigation of the global boundedness of
Fourier integral operators with smooth or rough phases, and smooth or
rough amplitudes. To achieve our global boundedness results, we split the
operators in low and high frequency parts and show the boundedness of each
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and one of them separately. In proving the Lp boundedness of the low fre-
quency portion, see Theorem 1.2.11, we utilise Lemma 1.2.10 which yields
a favourable kernel estimate for the low frequency operator, thereafter we
use the phase reduction of Lemma 1.2.3 to bring the operator to a canonical
form, and finally we use the Lp boundedness of the non-smooth substation
in Corollary 1.2.9 to conclude the proof. Thus, we are able to establish the
global Lp boundedness of the frequency-localised portion of the operator,
for all p’s in [1,∞] simultaneously.
The global boundedness of the high frequency portion of the Fourier in-
tegral operator needs to be investigated in three steps. First we show the
L1−L1 boundedness then we proceed to the L2−L2 boundedness and finally
we prove the L∞ − L∞ boundedness.
In order to show the L1 boundedness of Theorem 2.1.1, we use a semi-
classical reduction from Subsection 1.2.1 and Lemma 1.2.1, which will be
used throughout the paper. Thereafter we use the semiclassical version of
the Seeger-Sogge-Stein decomposition which was introduced in a microlocal
form in [33].
For our global L2 boundedness result, we also consider amplitudes with
̺ < δ which appear in the study of Fourier integral operators on nilpotent
Lie groups and also in scattering theory. In Theorem 2.2.6, we show a
global L2 boundedness result for operators with smooth Ho¨rmander class
amplitudes in S
min(0,n
2
(̺−δ))
̺,δ , ̺ ∈ [0, 1], δ ∈ [0, 1). Also, in Theorem 2.2.7
we prove the L2 boundedness of operators with amplitudes belonging to
Sm̺,1, with m <
n
2 (̺ − 1). In both of these theorems, the phase functions
are assumed to satisfy the strong non-degeneracy condition and both of
these results are sharp. These can be viewed as extensions of the celebrated
Caldero´n-Vaillancourt theorem [6] to the case of Fourier integral operators.
Indeed, the phase function of a pseudodifferential operator, which is 〈x, ξ〉 is
in class Φ2 and satisfies the strong non-degeneracy condition and therefore
our L2 boundedness result completes the L2 boundedness theory of smooth
Fourier integral operators with homogeneous non-degenerate phases.
Finally, in Theorem 2.3.1 we prove the sharp global L∞ boundedness of
Fourier integral operators, where in the proof we follow almost the same line
of argument as in the proof of the L1 boundedness case, but to obtain the
sharp result which we desire, we make a more detailed analysis of the kernel
estimates which bring us beyond the result implied by the mere utilisation
of the Seeger-Sogge-Stein decomposition. Furthermore, in this case, no non-
degeneracy assumption on the phase is required. Our results above are
summerised in the following global Lp boundedness theorem, see Theorem
2.4.1:
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A. Global Lp boundedness of smooth Fourier integral operators.
Let T be a Fourier integral operator given by 0.0.1 with amplitude a ∈ Sm̺,δ
and a strongly non-degenerate phase function ϕ(x, ξ) ∈ Φ2. Setting λ :=
min(0, n(̺− δ)), suppose that either of the following conditions hold:
(a) 1 ≤ p ≤ 2, 0 ≤ ̺ ≤ 1, 0 ≤ δ ≤ 1, and
m < n(̺− 1)
(
2
p
− 1
)
+
(
n− 1)(1
2
− 1
p
)
+ λ
(
1− 1
p
)
;
or
(b) 2 ≤ p ≤ ∞, 0 ≤ ̺ ≤ 1, 0 ≤ δ ≤ 1, and
m < n(̺− 1)
(
1
2
− 1
p
)
+ (n− 1)
(
1
p
− 1
2
)
+
λ
p
;
or
(c) p = 2, 0 ≤ ̺ ≤ 1, 0 ≤ δ < 1, and
m =
λ
2
.
Then there exists a constant C > 0 such that ‖Tu‖Lp ≤ C‖u‖Lp . For Fourier
integral operators with rough amplitudes we show in Theorem 2.4.2 the
following:
B. Global Lp boundedness of rough Fourier integral operators.
Let T be a Fourier integral operator given by (0.0.1) with amplitude a ∈
L∞Sm̺ , 0 ≤ ̺ ≤ 1 and a strongly non-degenerate phase function ϕ(x, ξ) ∈
Φ2. Suppose that either of the following conditions hold:
(a) 1 ≤ p ≤ 2 and
m <
n
p
(̺− 1) + (n− 1)(1
2
− 1
p
)
;
or
(b) 2 ≤ p ≤ ∞ and
m <
n
2
(̺− 1) + (n− 1)
(
1
p
− 1
2
)
.
Then there exists a constant C > 0 such that ‖Tu‖Lp ≤ C‖u‖Lp . We also
extend both of the results above, i.e. the Lp − Lp regularity of smooth and
rough operators, to the Lp − Lq regularity, in Theorem 2.4.4.
After proving the global regularity of Fourier integral operators with smooth
phase functions, we turn to the problem of local and global boundedness of
operators which are merely bounded in the spatial variables in both their
phases and amplitudes. A motivation for this investigation stems from the
study of maximal estimates involving Fourier integral operators, where a
standard stopping time argument (here referred to as linearisation) reduces
the problem to a Fourier integral operator with a non-smooth phase and
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sometimes also a non-smooth amplitude. For instance, estimates for the
maximal spherical average operator
Au(x) = sup
t∈[0,1]
∣∣∣ ∫
Sn−1
u(x+ tω) dσ(ω)
∣∣∣
which is directly related to the rough Fourier integral operator
Tu(x) = (2π)−n
∫
Rn
a(x, ξ)eit(x)|ξ|+i〈x,ξ〉û(ξ) dξ
where t(x) is a measurable function in x, with values in [0, 1] and a(x, ξ) ∈
L∞S
−n−1
2
1 .Here, the phase function of the Fourier integral operator is ϕ(x, ξ) =
it(x)|ξ| + i〈x, ξ〉 which is merely an L∞ function in the spatial variables x,
but is smooth outside the origin in the frequency variables ξ. As we shall see
later, according to Definition 1.1.5, this phase belongs to the class L∞Φ2.
In our investigation of local or global Lp boundedness of the rough Fourier
integral operators above for p 6= 2, the results obtained are similar to those
of the local results for amplitudes in the class Sm1,0 obtained in [26], [27] and
[35] for (2.2.45). However, we consider more general classes of amplitudes
(i.e. the Sm̺,δ class) and also require only measurability and boundedness in
the spatial variables (i.e. the L∞Sm̺ class). The main results in this context
are the L2 boundedness results which apart from the case of Fourier integral
operators in dimension n = 1, yield a problem of considerable difficulty in
case one desires to prove a L2 regularity result under the sole assumption of
rough non-degeneracy, see Definition 1.1.6.
Using the geometric conditions (imposed on the phase functions) which
are the rough analogues of the non-degeneracy and corank conditions for
smooth phases (the rough corank condition 2.2.2), we are able to prove a
local L2 boundedness result with a certain loss of derivatives depending on
the rough corank of the phase. More explicitly we prove in Theorem 2.2.9:
C. Local L2 boundedness of Fourier integral operators with rough
amplitudes and phases. Let T be a Fourier integral operator given by
(0.0.1) with amplitude a ∈ L∞Sm̺ and phase function ϕ ∈ L∞Φ2. Sup-
pose that the phase satisfies the rough corank condition 2.2.2, then T can
be extended as a bounded operator from L2comp to L
2
loc provided m <
−n+k−14 + (n−k)(̺−1)2 .
Despite the lack of sharpness in the above theorem, the proof is rather tech-
nical. However, in case n = 1 this theorem can be improved to yield a local
L2 boundedness result with m < −12 , and if the assumptions on the phase
function are also strengthen with a Lipschitz condition on the ξ derivatives
of order 2 and higher of the phase, then the above theorem holds with a loss
m < −k2 + (n−k)(̺−1)2 .
In Chapter 3 we turn to the problem of weighted norm inequalities for
Fourier integral operators. To our knowledge this question has never been
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investigated previously in the context of Muckenhoupt’s Ap weights which
are the most natural class of weights in harmonic analysis. Here we start
this investigation by establishing sharp boundedness results for a fairly wide
class of Fourier integral operators, somehow modeled on the parametrices of
hyperbolic partial differential equations. One notable feature of our investi-
gation is that we also prove the results for Fourier integral operators whose
phase functions and amplitudes are only bounded and measurable in the
spatial variables and exhibit suitable symbol type behavior in the frequency
variables.
As before, we begin by discussing the weighted estimates for the low fre-
quency portion of the Fourier integral operators which can be handled by
Lemma 1.2.10. As a matter of fact, the weighted Lp boundedness of low
frequency parts of Fourier integral operators is merely an analytic issue in-
volving the right decay rates of the phase function and does not involve any
rank condition on the phase. The situation in the high frequency case is
entirely different. Here, there is also a significant distinction between the
weighted a and unweighted case, in the sense that, if one desires to prove
sharp weighted estimates, then a rank condition on the phase function is
absolutely crucial. This fact has been discussed in detail in Section 3.2,
where one finds various examples, including one related to the wave equa-
tion, and counterexamples which will lead us to the correct condition on the
phase. Then we will proceed with the local high frequency and global high
frequency boundedness estimates. As a rule, in the investigation of bound-
edness of Fourier integral operators, the local estimates require somewhat
milder conditions on the phase functions compared to the global estimates
and our case study of the weighted norm inequalities here is no exception to
this rule. Furthermore, we are able to formulate the local weighted bound-
edness results in an invariant way involving the canonical relation of the
Fourier integral operator in question. Our main results in this context are
contained in Theorem 3.4.4:
D. Weighted Lp boundedness of Fourier integral operators. Let
a(x, ξ) ∈ L∞S−
n+1
2
̺+n(̺−1)
̺ and ̺ ∈ [0, 1]. Suppose that either
(a) a(x, ξ) is compactly supported in the x variable and the phase func-
tion ϕ(x, ξ) ∈ C∞(Rn×Rn\0), is positively homogeneous of degree 1
in ξ and satisfies, det ∂2xξϕ(x, ξ) 6= 0 as well as rank∂2ξξϕ(x, ξ) = n−1;
or
(b) ϕ(x, ξ) − 〈x, ξ〉 ∈ L∞Φ1, ϕ satisfies the rough non-degeneracy con-
dition as well as |detn−1∂2ξξϕ(x, ξ)| ≥ c > 0.
Then the operator Ta,ϕ is bounded on L
p
w for p ∈ (1,∞) and all w ∈ Ap.
Furthermore, for ̺ = 1 this result is sharp.
Here, it is worth mentioning that in the non-endpoint case, i.e. if a(x, ξ) ∈
L∞Sm̺ with m < −n+12 ̺+ n(̺− 1), we can prove a result that requires no
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non-degeneracy assumption on the phase function. The proof of these state-
ments are long and technical and use several steps involving careful kernel
estimates, uniform pointwise estimates on certain oscillatory integrals, un-
weighted local and global Lp boundedness, interpolation, and extrapolation.
In Chapter 4 we are motivated by the fact that weighted norm inequali-
ties with Ap weights can be used as an efficient tool in proving vector valued
inequalities and also boundedness of commutators of operators with func-
tions of bounded mean oscillation BMO. Therefore, we start the chapter
by showing boundedness of certain Fourier integral operators in weighted
Triebel-Lizorkin spaces (see (4.1.4)). This is based on a vector valued in-
equality for Fourier integral operators.
But more importantly we prove for the first time, in Theorems 4.2.4 and
4.2.5, the boundedness and weighted boundedness of BMO commutators of
Fourier integral operators, namely
E. Lp boundedness of BMO commutators of Fourier integral op-
erators. Suppose either
(a) T ∈ Im̺,comp(Rn ×Rn; C) with 12 ≤ ̺ ≤ 1 and m < (̺ − n)|1p − 12 |,
satisfies all the conditions of Theorem 3.4.5 or;
(b) Ta,ϕ with a ∈ Sm̺,δ, 0 ≤ ̺ ≤ 1, 0 ≤ δ ≤ 1, λ = min(0, n(̺ − δ)) and
ϕ(x, ξ) is a strongly non-degenerate phase function with ϕ(x, ξ) −
〈x, ξ〉 ∈ Φ1, where in the range 1 < p ≤ 2,
m < n(̺− 1)
(
2
p
− 1
)
+
(
n− 1)(1
2
− 1
p
)
+ λ
(
1− 1
p
)
;
and in the range 2 ≤ p <∞
m < n(̺− 1)
(
1
2
− 1
p
)
+ (n− 1)
(
1
p
− 1
2
)
+
λ
p
;
or
(c) Ta,ϕ with a ∈ L∞Sm̺ , 0 ≤ ̺ ≤ 1 and ϕ is a strongly non-degenerate
phase function with ϕ(x, ξ) − 〈x, ξ〉 ∈ Φ1, where in the range 1 <
p ≤ 2,
m <
n
p
(̺− 1) + (n− 1)(1
2
− 1
p
)
,
and for the range 2 ≤ p <∞
m <
n
2
(̺− 1) + (n− 1)
(
1
p
− 1
2
)
.
Then for b ∈ BMO, the commutators [b, T ] and [b, Ta,ϕ] are bounded on Lp
with 1 < p < ∞. Here we like to mention that once again, the global Lp
bounded in Theorem A above is used in the proof of the Lp boundedness of
the BMO commutators. Finally, the weighted norm inequalities with weights
in all Ap classes have the advantage of implying weighted boundedness of
repeated commutators, namely one has
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F. Weighted Lp boundedness of k-th BMO commutators of Fourier
integral operators. Let a(x, ξ) ∈ L∞S−
n+1
2
̺+n(̺−1)
̺ and ̺ ∈ [0, 1]. Sup-
pose that either
(a) a(x, ξ) is compactly supported in the x variable and the phase func-
tion ϕ(x, ξ) ∈ C∞(Rn×Rn\0), is positively homogeneous of degree 1
in ξ and satisfies, det ∂2xξϕ(x, ξ) 6= 0 as well as rank∂2ξξϕ(x, ξ) = n−1;
or
(b) ϕ(x, ξ) − 〈x, ξ〉 ∈ L∞Φ1, ϕ satisfies the rough non-degeneracy con-
dition as well as |detn−1∂2ξξϕ(x, ξ)| ≥ c > 0.
Then, for b ∈ BMO and k a positive integer, the k-th commutator defined
by
Ta,b,ku(x) := Ta
(
(b(x) − b(·))ku)(x)
is bounded on Lpw for each w ∈ Ap and p ∈ (1,∞).
These BMO estimates have no predecessors in the literature and are useful
in connection to the study of hyperbolic partial differential equations with
rough coefficients.
In the last section of Chapter 4, we also briefly discuss global unweighted
and local weighted estimates for the solutions of the Cauchy problem for
m-th and second order hyperbolic partial differential equations.
Acknowledgements. Part of this work was undertaken while one of the au-
thors was visiting the department of Mathematics of the Heriot-Watt Uni-
versity. The first author wishes to express his gratitude for the hospitality
of Heriot-Watt University.
Chapter 1. Prolegomena
In this chapter, we gather some results which will be useful in the study
of boundedness of Fourier integral operators. We also illustrate some of the
connections between global boundedness results for operators with smooth
phases and amplitudes and local boundedness results for operators with
rough phases and amplitudes, thus justifying a joint study of those operators.
1.1. Definitions, notations and preliminaries.
1.1.1. Phases and amplitudes. In our investigation of the regularity proper-
ties of Fourier integral operators, we will be concerned with both smooth
and non-smooth amplitudes and phase functions. Below, we shall recall
some basic definitions and fix some notations which will be used throughout
the paper. Also, in the sequel we use the notation 〈ξ〉 for (1 + |ξ|2) 12 . The
following definition which is due to Ho¨rmander [17], yields one of the most
widely used classes of smooth symbols/amplitudes.
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Definition 1.1.1. Let m ∈ R, 0 ≤ δ ≤ 1, 0 ≤ ̺ ≤ 1. A function a(x, ξ) ∈
C∞(Rn×Rn) belongs to the class Sm̺,δ, if for all multi-indices α, β it satisfies
sup
ξ∈Rn
〈ξ〉−m+̺|α|−δ|β||∂αξ ∂βxa(x, ξ)| < +∞.
We shall also deal with the class L∞Sm̺ of rough symbols/amplitudes
introduced by Kenig and Staubach in [23].
Definition 1.1.2. Let m ∈ R and 0 ≤ ̺ ≤ 1. A function a(x, ξ) which
is smooth in the frequency variable ξ and bounded measurable in the spatial
variable x, belongs to the symbol class L∞Sm̺ , if for all multi-indices α it
satisfies
sup
ξ∈Rn
〈ξ〉−m+̺|α|‖∂αξ a(· , ξ)‖L∞(Rn) < +∞.
We also need to describe the type of phase functions that we will deal
with. To this end, the class Φk defined below, will play a significant role in
our investigations.
Definition 1.1.3. A real valued function ϕ(x, ξ) belongs to the class Φk,
if ϕ(x, ξ) ∈ C∞(Rn ×Rn \ 0), is positively homogeneous of degree 1 in the
frequency variable ξ, and satisfies the following condition: For any pair of
multi-indices α and β, satisfying |α|+|β| ≥ k, there exists a positive constant
Cα,β such that
sup
(x, ξ)∈Rn×Rn\0
|ξ|−1+|α||∂αξ ∂βxϕ(x, ξ)| ≤ Cα,β.
In connection to the problem of local boundedness of Fourier integral
operators, one considers phase functions ϕ(x, ξ) that are positively homoge-
neous of degree 1 in the frequency variable ξ for which det[∂2xjξkϕ(x, ξ)] 6= 0.
The latter is referred to as the non-degeneracy condition. However, for the
purpose of proving global regularity results, we require a stronger condition
than the aforementioned weak non-degeneracy condition.
Definition 1.1.4. (The strong non-degeneracy condition). A real valued
phase ϕ ∈ C2(Rn ×Rn \ 0) satisfies the strong non-degeneracy condition, if
there exists a positive constant c such that∣∣∣det ∂2ϕ(x, ξ)
∂xj∂ξk
∣∣∣ ≥ c,
for all (x, ξ) ∈ Rn ×Rn \ 0.
The phases in class Φ2 satisfying the strong non-degeneracy condition
arise naturally in the study of hyperbolic partial differential equations, in-
deed a phase function closely related to that of the wave operator, namely
ϕ(x, ξ) = |ξ|+ 〈x, ξ〉 belongs to the class Φ2 and is strongly non-degenerate.
We also introduce the non-smooth version of the class Φk which will be used
throughout the paper.
12 DAVID DOS SANTOS FERREIRA AND WOLFGANG STAUBACH
Definition 1.1.5. A real valued function ϕ(x, ξ) belongs to the phase class
L∞Φk, if it is homogeneous of degree 1 and smooth on Rn\0 in the frequency
variable ξ, bounded measurable in the spatial variable x, and if for all multi-
indices |α| ≥ k it satisfies
sup
ξ∈Rn\0
|ξ|−1+|α|‖∂αξ ϕ(· , ξ)‖L∞(Rn) < +∞.
We observe that if t(x) ∈ L∞ then the phase function ϕ(x, ξ) = t(x)|ξ|+
〈x, ξ〉 belongs to the class L∞Φ2, hence phase functions originating from the
linearisation of the maximal functions associated with averages on surfaces,
can be considered as members of the L∞Φ2 class. We will also need a rough
analogue of the non-degeneracy condition, which we define below.
Definition 1.1.6. (The rough non-degeneracy condition). A real valued
phase ϕ satisfies the rough non-degeneracy condition, if it is C1 on Rn \0 in
the frequency variable ξ, bounded measurable in the spatial variable x, and
there exists a constant c > 0 (depending only on the dimension) such that
for all x, y ∈ Rn and ξ ∈ Rn \ 0
(1.1.1) |∂ξϕ(x, ξ) − ∂ξϕ(y, ξ)| ≥ c|x− y|.
1.1.2. Basic notions of weighted inequalities. Our main reference for the
material in this section are [14] and [36]. Given u ∈ Lploc, the Lp maximal
function Mp(u) is defined by
(1.1.2) Mp(u)(x) = sup
B∋x
(
1
|B|
∫
B
|u(y)|p dy
) 1
p
where the supremum is taken over balls B in Rn containing x. Clearly then,
the Hardy-Littlewood maximal function is given by
M(u) :=M1(u).
An immediate consequence of Ho¨lder’s inequality is thatM(u)(x) ≤Mp(u)(x)
for p ≥ 1. We shall use the notation
uB :=
1
|B|
∫
B
|u(y)|dy
for the average of the function u over B. One can then define the class of
Muckenhoupt Ap weights as follows.
Definition 1.1.7. Let w ∈ L1loc be a positive function. One says that w ∈ A1
if there exists a constant C > 0 such that
(1.1.3) Mw(x) ≤ Cw(x), for almost all x ∈ Rn.
One says that w ∈ Ap for p ∈ (1,∞) if
(1.1.4) sup
B balls in Rn
wB
(
w
− 1
p−1
)p−1
B
<∞.
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The Ap constants of a weight w ∈ Ap are defined by
(1.1.5) [w]A1 := sup
B balls in Rn
wB‖w−1‖L∞(B),
and
(1.1.6) [w]Ap := sup
B balls in Rn
wB
(
w−
1
p−1
)p−1
B
.
Example 1. The function |x|α is in A1 if and only if −n < α ≤ 0 and is in
Ap with 1 < p <∞ iff −n < α < n(p− 1). Also u(x) = log 1|x| when |x| < 1e
and u(x) = 1 otherwise, is an A1 weight.
1.1.3. Additional conventions. As is common practice, we will denote con-
stants which can be determined by known parameters in a given situation,
but whose value is not crucial to the problem at hand, by C. Such parame-
ters in this paper would be, for example, m, ̺, p, n, [w]Ap , and the constants
Cα in Definition 1.1.2. The value of C may differ from line to line, but in
each instance could be estimated if necessary. We sometimes write a . b as
shorthand for a ≤ Cb. Our goal is to prove estimates of the form
‖Tu‖Lp ≤ C‖u‖Lp , u ∈ S (Rn)
when a ∈ L∞Sm̺ , ϕ ∈ L∞Φk and m < −σ ≤ 0 or equivalently
‖Tu‖Lp ≤ C‖u‖Hs,p , u ∈ S (Rn)
when a ∈ L∞S0̺ and s > σ and Hs,p := {u ∈ S ′; (I −∆)
s
2u ∈ Lp}. We will
use indifferently one or the other equivalent formulation and we will refer to
σ as the loss of derivatives in the Lp boundedness of T .
1.2. Tools in proving Lp boundedness.
1.2.1. Semi-classical reduction and decomposition of the operators. It is con-
venient to work with semi-classical estimates: let A be the annulus
A =
{
ξ ∈ Rn; 12 ≤ |ξ| ≤ 2
}
and χ ∈ C∞0 (A) be a cutoff function, we will prove estimates on the following
semi-classical Fourier integral operator
Thu = (2πh)
−n
∫
Rn
e
i
h
ϕ(x,ξ)χ(ξ)a(x, ξ/h)û(ξ/h) dξ
with h ∈ (0, 1]. We will also need to investigate the low frequency component
of the operator
T0u = (2π)
−n
∫
Rn
eiϕ(x,ξ)χ0(ξ)a(x, ξ)û(ξ) dξ
where χ0 ∈ C∞0 (B(0, 2)). The following lemma shows how semi-classical
estimates translate into classical ones. We choose to state the result in the
realm of weighted Lp spaces with weights in the Muckenhoupt’s Ap class.
This extent of generality will be needed when we deal with the weighted
boundedness of Fourier integral operators.
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Lemma 1.2.1. Let a ∈ L∞Sm̺ and ϕ ∈ L∞Φk, suppose that for all h ∈ (0, 1]
and w ∈ Ap, there exist constants C1, C2 > 0 (only depending on the Ap
constants of w) such that the following estimates hold
‖T0u‖Lpw ≤ C0‖u‖Lpw , ‖Thu‖Lpw ≤ C1h−m−s‖u‖Lpw , u ∈ S (Rn).
This implies the bound
‖Tu‖Lpw ≤ C2‖u‖Lpw , u ∈ S (Rn)
provided m < −s.
Proof. We start by taking a dyadic partition of unity
χ0(ξ) +
+∞∑
j=1
χj(ξ) = 1,
where χ0 ∈ C∞0 (B(0, 2)), χj(ξ) = χ(2−jξ) when j ≥ 1 with χ ∈ C∞0 (A) and
we decompose the operator T as
T = Tχ0(D) +
+∞∑
j=1
Tχj(D).(1.2.1)
The first term in (1.2.1) is bounded from Lpw to itself by assumption. After
a change of variables, we have
Tχj(D)u = (2π)
−n2jn
∫
Rn
ei2
jϕ(x,ξ)χ(ξ)a(x, 2jξ)û(2jξ) dξ
therefore using the semi-classical estimate with h = 2−j we obtain
‖Tχj(D)u‖Lpw ≤ C12(m+s)j‖u‖Lpw .
This finally gives
‖Tu‖Lpw ≤ C0‖u‖Lpw + C1
+∞∑
j=1
2(m+s)j‖u‖Lpw
since the series is convergent when m < −s. This completes the proof of
our lemma. 
1.2.2. Seeger-Sogge-Stein decomposition. To get useful estimates for the sym-
bol and the phase function, one imposes a second microlocalization on the
former semi-classical operator in such a way that the annulus A is parti-
tioned into truncated cones of thickness roughly
√
h. Roughly h−(n−1)/2
such pieces are needed to cover the annulus A. For each h ∈ (0, 1] we fix a
collection of unit vectors {ξν}1≤ν≤J which satisfy:
(1) |ξν − ξµ| ≥ h− 12 , if ν 6= µ,
(2) If ξ ∈ Sn−1, then there exists a ξν so that |ξ − ξν | ≤ h 12 .
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Let Γν denote the cone in the ξ space with aperture
√
h whose central
direction is ξν , i.e.
(1.2.2) Γν =
{
ξ ∈ Rn;
∣∣∣ ξ|ξ| − ξν ∣∣∣ ≤ √h}.
One can construct an associated partition of unity given by functions ψν ,
each homogeneous of degree 0 in ξ and supported in Γν with
(1.2.3)
J∑
ν=1
ψν(ξ) = 1, for all ξ 6= 0
and
sup
ξ∈Rn
|∂αψν(ξ)| ≤ Cαh−
|α|
2 .(1.2.4)
We decompose the operator Th as
Th =
J∑
ν=1
Thψ
ν(D) =
J∑
ν=1
T νh(1.2.5)
where the kernel of the operator T νh is given by
T νh (x, y) = (2πh)
−n
∫
Rn
e
i
h
ϕ(x,ξ)− i
h
〈y,ξ〉χ(ξ)ψν(ξ)a(x, ξ/h) dξ(1.2.6)
= (2πh)−n
∫
Rn
e
i
h
〈∇ξϕ(x,ξν)−y,ξ〉bν(x, ξ, h) dξ
with amplitude bν(x, ξ, h) = e
i
h
〈∇ξϕ(x,ξ)−∇ξϕ(x,ξν),ξ〉χ(ξ)ψν(ξ)a(x, ξ/h). We
choose our coordinates on Rn = Rξν ⊕ ξν⊥ in the following way
ξ = ξ1ξ
ν + ξ′, ξ′ ⊥ ξν .
Also it is worth noticing that the symbol χ(ξ)a(x, ξ/h) satisfies the following
bound
(1.2.7) sup
ξ
‖∂αξ
(
χ(ξ) a(·, ξ/h))‖L∞ ≤ Cαh−m−|α|(1−̺).
Lemma 1.2.2. Let a ∈ L∞Sm̺ and ϕ(x, ξ) ∈ L∞Φ2. Then the symbol
bν(x, ξ, h) = e
i
h
〈∇ξϕ(x,ξ)−∇ξϕ(x,ξν),ξ〉ψν(ξ)χ(ξ)a(x, ξ/h)
satisfies the estimates
sup
ξ
∥∥∂αξ bν(·, ξ, h)∥∥L∞ ≤ Cαh−m−|α|(1−̺)− |α′|2 .
Proof. We first observe that the bounds (1.2.4) may be improved to
sup
ξ∈A
∣∣∂αξ ψν(ξ)∣∣ ≤ Cαh− |α′|2 .(1.2.8)
This can be seen by induction on |α|; by Euler’s identity, we have
∂ξ1∂
α
ξ ψ
ν = −〈|ξ|−1ξ − ξν ,∇∂αξ ψν〉+ |α|∂αξ ψν
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from which we deduce
|∂ξ1∂αξ ψν | ≤
∣∣∣ ξ|ξ| − ξν∣∣∣ |∇∂αξ ψν |+ |α||∂αξ ψν |
. h
1
2h−
1+|α′|
2 + h−
|α′|
2 .
This ends the induction. Similarly we have
sup
ξ∈A∩Γν
∥∥∂αξ (e ih 〈∇ξϕ(·,ξ)−∇ξϕ(·,ξν),ξ〉)∥∥L∞ . h− |α′|2 .(1.2.9)
To prove this bound, we proceed by induction on |α|, we have
∇ξ∂αξ
(
e
i
h
〈∇ξϕ(x,ξ)−∇ξϕ(x,ξν),ξ〉
)
=
i
h
∂αξ
((∇ξϕ(x, ξ) −∇ξϕ(x, ξν))e ih 〈∇ξϕ(x,ξ)−∇ξϕ(x,ξν),ξ〉)
and by the Leibniz rule, it suffices to verify that for |β| ≤ 1
sup
ξ∈A∩Γν
∥∥∂βξ (∂ξ′ϕ(·, ξ)− ∂ξ′ϕ(·, ξν))∥∥L∞ . h 1−|β′|2
sup
ξ∈A∩Γν
∥∥∂βξ (∂ξ1ϕ(·, ξ) − ∂ξ1ϕ(·, ξν))∥∥L∞ . h1− |β′|2 ,
where for the case β = 0 one simply uses the mean value theorem on
∇ξϕ(x, ξ) − ∇ξϕ(x, ξν), which due the condition ϕ ∈ L∞Φ2 yields the de-
sired estimates. We note that a homogeneous function which vanishes at
ξ = ξν may be written in the form( ξ
|ξ| − ξν
)
r(x, ξ) = O(
√
h) on A ∩ Γν
and this gives the first bound for β1 6= 1. We also have ∂ξ1∂ξϕ(x, ξν) = 0 by
Euler’s identity, therefore the former remark yields ∂ξ1∂ξϕ(x, ξ) = O(
√
h)
which is the first bound for β1 = 1 (as well as the second bound for β
′ 6= 0).
It remains to prove the second bound for β′ = 0: by the mean value theorem
and the bounds we have already obtained
|∂ξ1ϕ(x, ξ)− ∂ξ1ϕ(x, ξν)| .
√
h
∣∣∣ ξ|ξ| − ξν∣∣∣ . h.
The estimates on bν are consequences of (1.2.7), (1.2.8) and (1.2.9) and of
Leibniz’s rule. 
1.2.3. Phase reduction. In our definition of class L∞Φk we have only re-
quired control of those frequency derivatives of the phase function which are
greater or equal to k. This restriction is motivated by the simple model case
phase function ϕ(x, ξ) = t(x)|ξ|+ 〈x, ξ〉, t(x) ∈ L∞, for which the first order
ξ-derivatives of the phase are not bounded but all the derivatives of order
equal or higher than 2 are indeed bounded and so ϕ(x, ξ) ∈ L∞Φ2. However
in order to deal with low frequency portions of Fourier integral operators
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one also needs to control the first order ξ derivatives of the phase. The fol-
lowing phase reduction lemma will reduce the phase of the Fourier integral
operators to a linear term plus a phase for which the first order frequency
derivatives are bounded.
Lemma 1.2.3. Any Fourier integral operator T of the type (0.0.1) with
amplitude σ(x, ξ) ∈ L∞Sm̺ and phase function ϕ(x, ξ) ∈ L∞Φ2, can be
written as a finite sum of operators of the form
(1.2.10)
1
(2π)n
∫
a(x, ξ) eiθ(x,ξ)+i〈∇ξϕ(x,ζ),ξ〉 û(ξ) dξ
where ζ is a point on the unit sphere Sn−1, θ(x, ξ) ∈ L∞Φ1, and a(x, ξ) ∈
L∞Sm̺ is localized in the ξ variable around the point ζ.
Proof. We start by localizing the amplitude in the ξ variable by introducing
an open convex covering {Ul}Ml=1, with maximum of diameters d, of the unit
sphere Sn−1. Let Ξl be a smooth partition of unity subordinate to the
covering Ul and set al(x, ξ) = σ(x, ξ) Ξl(
ξ
|ξ|). We set
(1.2.11) Tlu(x) :=
1
(2π)n
∫
al(x, ξ) e
iϕ(x,ξ) û(ξ) dξ,
and fix a point ζ ∈ Ul. Then for any ξ ∈ Ul, Taylor’s formula and Euler’s
homogeneity formula yield
ϕ(x, ξ) = ϕ(x, ζ) + 〈∇ξϕ(x, ζ), ξ − ζ〉+ θ(x, ξ)
= θ(x, ξ) + 〈∇ξϕ(x, ζ), ξ〉
Furthermore, for ξ ∈ Ul, ∂ξkθ(x, ξ) = ∂ξkϕ(x, ξ|ξ|) − ∂ξkϕ(x, ζ), so the mean
value theorem and the definition of class L∞Φ2 yield |∂ξkθ(x, ξ)| ≤ Cd and
for |α| ≥ 2, |∂αξ θ(x, ξ)| ≤ C|ξ|1−|α|. Here we remark in passing that in
dealing with function θ(x, ξ), we only needed to control the second and
higher order ξ−derivatives of the phase function ϕ(x, ξ) and this gives a
further motivation for the definition of the class L∞Φ2.We shall now extend
the function θ(x, ξ) to the whole of Rn ×Rn \ 0, preserving its properties
and we denote this extension by θ(x, ξ) again. Hence the Fourier integral
operators Tl defined by
(1.2.12) Tlu(x) :=
1
(2π)n
∫
al(x, ξ) e
iθ(x,ξ)+i〈∇ξϕ(x,ζ),ξ〉 û(ξ) dξ,
are the localized pieces of the original Fourier integral operator T and there-
fore T =
∑M
l=1 Tl as claimed. 
1.2.4. Necessary and sufficient conditions for the non-degeneracy of smooth
phase functions. The smoothness of phases of Fourier integral operators
makes the study of boundedness considerably easier in the sense that the
conditions of a phase being strongly non-degenerate and belonging to the
class Φ2 are enough to secure Lp boundedness for a wide range of rough
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amplitudes. The following proposition which is useful in proving global L2
boundedness of Fourier integral operators, establishes a relationship between
the strongly non-degenerate phases and the lower bound estimates for the
gradient of the phases in question.
Proposition 1.2.4. Let ϕ(x, ξ) ∈ C∞(Rn ×Rn \ 0) be a real valued phase
then following statements hold true:
(1) Assume that ∣∣∣ det ∂2ϕ(x, ξ)
∂xj∂ξk
∣∣∣ ≥ C1,
for all (x, ξ) ∈ Rn ×Rn \ 0, and that∥∥∥∂2ϕ(x, ξ)
∂x∂ξ
∥∥∥ ≤ C2,
for all (x, ξ) ∈ Rn ×Rn \ 0 and some constant C2 > 0, where ‖ · ‖
denotes matrix norm. Then
(1.2.13) |∇ξϕ(x, ξ) −∇ξϕ(y, ξ)| ≥ C|x− y|,
for x, y ∈ Rn and ξ ∈ Rn \ 0 and some C > 0.
(2) Assume that |∇ξϕ(x, ξ) − ∇ξ(y, ξ)| ≥ C|x − y| for x, y ∈ Rn and
ξ ∈ Rn \ 0 and some C > 0. Then there exists a constant C1 such
that ∣∣∣ det ∂2ϕ(x, ξ)
∂xj∂ξk
∣∣∣ ≥ C1,
for all (x, ξ) ∈ Rn ×Rn \ 0.
Proof. (1) We consider the map Rn ∋ x → ∇ξϕ(x, ξ) ∈ Rn and using our
assumptions on ϕ, Schwartz’s global inverse function theorem [32] yields
that this map is a global C1-diffeomorphism whose inverse λξ satisfies
(1.2.14) |λξ(z) − λξ(w)| ≤ sup
[z,w]
‖λ′ξ‖ × |z − w|.
Furthermore, λ′ξ(z) = [(λ
−1
ξ )
′
]−1 ◦ λξ(z) = [∂2x,ξϕ(λξ(z), ξ)]−1. Therefore
using the wellknown matrix inequality ‖A−1‖ ≤ cn|detA|−1‖A‖n−1 which is
valid for all A ∈ GL (n,R), we obtain using the assumption ‖∂2ϕ(x,ξ)∂x∂ξ ‖ ≤ C2
that
‖λ′ξ(z)‖ ≤ cn|det[∂2x,ξϕ(λξ(z), ξ)]|−1‖∂2x,ξϕ(λξ(z), ξ)‖n−1 ≤
cn
C1
C2 ≤ 1
C
.
This yields that |λξ(z) − λξ(w)| ≤ C|z − w| and setting z = ∇ξϕ(x, ξ) and
w = ∇ξϕ(y, ξ), we obtain (1.2.13).
(2) Given the lower bound on the difference of the gradients as in the state-
ment of the second part of the proposition, setting y = x+ hv with v ∈ Rn
yields,
|∇ξϕ(x+ hv, ξ) −∇ξϕ(x, ξ)|
h
≥ C|v|
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and letting h tend to zero we have for any v ∈ Rn
(1.2.15) |∂2x,ξϕ(x, ξ) · v| ≥ C|v|.
This means that ∂2x,ξϕ(x, ξ) is invertible and |[∂2x,ξϕ(x, ξ)]−1 ·w| ≤ |w|C . There-
fore, taking the supremum we obtain 1‖[∂2x,ξϕ(x,ξ)]−1‖n
≥ 1Cn . Now using the
wellknown matrix inequality
(1.2.16)
1
γn‖A−1‖n ≤ |detA| ≤ γn‖A‖
n,
which is a consequence of the Hadamard inequality, yields for A = ∂
2ϕ(x,ξ)
∂xj∂ξk
(1.2.17)
∣∣∣∣ det ∂2ϕ(x, ξ)∂xj∂ξk
∣∣∣∣ ≥ 1γnCn .
This completes the proof. 
Remark 1.2.5. Proposition 1.2.4 gives a motivation for our rough non-
degeneracy condition in Definition 1.1.5, when there is no differentiability
in the spatial variables.
1.2.5. Necessity of strong non-degeneracy for global regularity. We shall now
discuss a simple example which illustrates the necessity of the strong non-
degeneracy condition for the validity o global Lp boundedness of Fourier
integral operators. To this end, we take a smooth diffeomorphism κ : Rn →
Rn with everywhere nonzero Jacobian determinant, i.e. detκ′(x) 6= 0 for
all x ∈ Rn. Now, if we let ϕ(x, ξ) = 〈κ(x), ξ〉 and take a(x, ξ) = 1 ∈ S01,0,
then the Fourier integral operator Ta,ϕu(x) is nothing but the composition
operator u ◦ κ(x). Therefore
(1.2.18) ‖Ta,ϕu‖Lp = ‖u ◦ κ‖Lp = {
∫
Rn
|u(y)|p |detκ′−1(κ−1(y))| dy} 1p ,
from which we see that Ta,ϕ is L
p bounded for any p, if and only if there ex-
ists a constant C > 0 such that |det κ′−1(x)| ≤ C for all x ∈ Rn. The latter
is equivalent to |det κ′(x)| ≥ 1C > 0. Now since |det ∂
2ϕ(x,ξ)
∂x∂ξ | = |det κ′(x)| it
follows at once that a necessary condition for the Lp boundedness of the op-
erator Ta,ϕ is the strong non-degeneracy of the phase function ϕ. We observe
that if we instead had chosen a(x, ξ) to be equal to a smooth compactly sup-
ported function in x, then the Lp boundedness of Ta,ϕ would have followed
from the mere non-degeneracy condition |det ∂2ϕ(x,ξ)∂x∂ξ | = |det κ′(x)| 6= 0.
1.2.6. Non smooth changes of variables. In dealing with rough Fourier in-
tegral operators we would need at some point to make changes of variables
when the substitution is not differentiable. This issue is problematic in gen-
eral but in our setting, thanks to the rough non-degeneracy assumption on
the phase, we can show that the substitution is indeed valid and furthermore
has the desired boundedness properties. The discussion below is an abstract
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approach to the problem of non smooth substitution and we refer the reader
interested in related substitution results to De Guzman [16].
Lemma 1.2.6. Let U be a measurable set and let t : U → Rn be a bounded
measurable map satisfying
|t(x)− t(y)| ≥ c|x− y|(1.2.19)
for almost every x, y ∈ U . Then there exists a function Jt ∈ L∞(Rn)
supported in t(U) such that the substitution formula∫
U
u ◦ t(x) dx =
∫
u(z)Jt(z) dz(1.2.20)
holds for all u ∈ L1(Rn) and the Jacobian Jt satisfies the estimate ‖Jt‖L∞ ≤
2
√
n
c .
Remark 1.2.7. If one works with a representative t in the equivalence class
of functions equal almost everywhere, then possibly after replacing U with
U \N (where N is a null-set where (1.2.19) does not hold), one may assume
that t is an injective map with (1.2.19) holding everywhere on U .
For the convenience of the reader, we provide a proof of this simple lemma.
Proof. As observed in Remark 1.2.7, we may assume that t is an injective
map from U to Rn for which (1.2.19) holds on U . The formula
µt(f) =
∫
U
f ◦ t(x) dx, f ∈ C00 (Rn)
defines a non-negative Radon measure, which by the Riesz representation
theorem is associated to a Borel measure. In this case, the latter measure is
explicitly given by
µt(A) = |t−1(A) ∩ U |
on all Lebesgue measurable sets A ⊂ Rn, where we use the notation | · | for
the Lebesgue measure of a set. By the Lebesgue decomposition theorem,
this measure can be split into an absolutely continuous and a singular part,
i.e.
µt = µ
ac
t + µ
sing
t .
Now assumption (1.2.19) yields
t−1
(
B∞(w, r)
) ⊂ B∞(x, 2√nr/c), if t(x) ∈ B∞(w, r)
where B∞(w, r) is a ball of center w and radius r for the supremum norm.
This implies that whenever
A ∩ t(U) ⊂
∞⋃
k=0
B∞(wk, rk)
it follows that
t−1(A) ∩ U ⊂
∞⋃
k=0
B∞(xk, 2
√
nrk/c)
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where the centers xk have been chosen in t
−1(B∞(wk, rk)) when this set is
nonempty. Furthermore, it is wellknown that the Lebesgue measure of a set
can be computed using
|Ω| = inf
{ ∞∑
k=0
|Qk|, Ω ⊂
∞⋃
k=0
Qk
}
where the infimum is taken over all possible sequences (Qk)k∈N of cubes
with faces parallel to the axes. Therefore
µt(A) ≤ 2
√
n
c
|A ∩ t(U)| ≤ 2
√
n
c
|A|(1.2.21)
for all Lebesgue measurable sets A in Rn. In particular, Lebesgue null-sets
are also null-sets with respect to µt, which in turn implies that the mea-
sure µt is absolutely continuous with respect to the Lebesgue measure. By
the Radon-Nikodym theorem, there exists a positive Lebesgue measurable
function Jt ∈ L1loc such that µt has density Jt
µt(A) =
∫
A
Jt(x) dx.
By Lebesgue’s differentiation theorem, we may compute the Jacobian func-
tion Jt from the measure µt by a limiting process on balls B, namely
Jt(x) = lim
B→{x}
1
|B|
∫
B
Jt(y) dy = lim
B→{x}
µt(B)
|B| .(1.2.22)
Equality (1.2.22) together with the estimate (1.2.21) yields that Jt is bounded
and
‖Jt‖L∞ ≤ 2
√
n
c
.
Moreover, from the definition of µt it is clear that it is supported in t(U).
Finally, (1.2.20) follows from∫
U
u ◦ t(x) dx = µt(u) =
∫
udµt =
∫
u(z)Jt(z) dz
for all u ∈ C00 (U), and this extends to functions u ∈ L1(Rn). 
Remark 1.2.8. Note that if there is a representative t in the equivalence
class such that (1.2.19) holds everywhere on U and such that t(U) is an open
subset of Rn, then t−1 : t(U) → U is a Lipschitz bijection. Furthermore,
any open subset V ⊂ t(U) is open in Rn and by Brouwer’s theorem on the
invariance of the domain t−1(W ) is open. This means that the map t is
actually continuous.
Corollary 1.2.9. Let t : Rn → Rn be a map satisfying the assumptions
in Lemma 1.2.6 with U = Rn, then u 7→ u ◦ t is a bounded map on Lp for
p ∈ [1,∞].
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Proof. This easily follows from Lemma 1.2.6:∫
|u ◦ t(x)|p dx =
∫
|u(z)|pJt(z) dz ≤ ‖Jt‖L∞‖u‖Lp
when p ∈ [1,∞). The L∞ estimate is similar. 
1.2.7. Lp boundedness of the low frequency portion of rough Fourier integral
operators. Here we will prove the Lp boundedness for p ∈ [1,∞] of Fourier
integral operators whose amplitude contains a smooth compactly supported
function factor, the support of which lies in a neighbourhood of the origin.
There are a couple of difficulties to overcome here, the first being the sin-
gularity of the phase function in the frequency variable at the origin. The
second problem is the one caused by the lack of smoothness in the spatial
variables. In order to handle these problems we need the following lemma
Lemma 1.2.10. Let b(x, ξ) be a bounded function which is Cn+1(Rnξ \0) and
compactly supported in the frequency variable ξ and L∞(Rnx) in the space
variable x satisfying
sup
ξ∈Rn\0
|ξ|−1+|α|‖∂αξ b(· , ξ)‖L∞ < +∞, |α| ≤ n+ 1.
Then for all 0 ≤ µ < 1 we have
sup
x,y∈R2n
〈y〉n+µ
∣∣∣ ∫ e−i〈y,ξ〉b(x, ξ) dξ∣∣∣ < +∞.(1.2.23)
Proof. Since b(x, ξ) is assumed to be bounded, the integral in (1.2.23) which
we denote by B(x, y), is uniformly bounded and therefore it suffices to con-
sider the case |y| ≥ 1. Integrations by parts yield
B(x, y) = |y|−2n
∫
e−i〈y,ξ〉〈y,Dξ〉nb(x, ξ) dξ
and therefore we have the estimate
|B(x, y)| ≤ C|y|−n
∫
|ξ|<M
dξ
|ξ|n−1 .
We would like to gain an extra factor of |y|−µ; to this end consider the
function β(x, y, ξ) = |y|−n〈y,Dξ〉nb(x, ξ) which is smooth in ξ on Rn \0 and
satisfies
sup
ξ∈Rn\0
|ξ|n+|α|−1‖∂αξ β(·, ·, ξ)‖L∞ < +∞, |α| ≤ 1.
Let χ be a C∞0 (R
n) function which is one on the unit ball and zero outside
the ball of radius 2. Taking 0 < ε ≤ 1, we have
|y|nB(x, y) =
∫
e−i〈y,ξ〉χ(ξ/ε)β(x, y, ξ) dξ
+
∫
e−i〈y,ξ〉
(
1− χ(ξ/ε))β(x, y, ξ) dξ
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the first term is bounded by a constant times ε, while the second term is
equal to
i|y|−2
∫
e−i〈y,ξ〉
(
ε−1〈y, ∂ξ〉χ(ξ/ε)β −
(
1− χ(ξ/ε))〈y, ∂ξ〉β) dξ
which may be bounded by
|y|−1(C1 − C2 log ε).
We minimize the bound C0ε+ |y|−1(C1 −C2 log ε) by taking ε = |y|−1, and
obtain
|B(x, y)| ≤ C|y|−n−1(1 + log |y|) ≤ C ′|y|−n−µ
for all 0 ≤ µ < 1. This is the desired estimate. 
Having this in our disposal we can show that the low frequency portion
of the Fourier integral operators are Lp bounded, more precisely we have
Theorem 1.2.11. Let a(x, ξ) ∈ L∞Sm̺ with m ∈ R and ̺ ∈ [0, 1] and let the
phase function ϕ(x, ξ) ∈ L∞Φ2 satisfy the rough non-degeneracy condition
(according to Definition 1.1.6). Then for all χ0(ξ) ∈ C∞0 supported around
the origin, the Fourier integral operator
T0u(x) =
1
(2π)n
∫
Rn
eiϕ(x,ξ)a(x, ξ)χ0(ξ) û(ξ) dξ
is bounded on Lp for p ∈ [1,∞].
Proof. In proving the Lp boundedness, according to the reduction of the
phase procedure in Lemma 1.2.10, there is no loss of generality to assume
that our Fourier integral operator is of the form
T0u(x) =
1
(2π)n
∫
a(x, ξ)χ0(ξ)e
iθ(x,ξ)+i〈∇ξϕ(x,ζ),ξ〉 û(ξ) dξ,
for some ζ ∈ Sn−1, a ∈ L∞Sm̺ and θ ∈ L∞Φ1. In the proof of the Lp
boundedness of T0 we only need to analyze the kernel of the operator∫
a(x, ξ)χ0(ξ)e
iθ(x,ξ)+i〈∇ξϕ(x,ζ),ξ〉û(ξ) dξ,
which is given by
T0(x, y) :=
∫
ei〈∇ξϕ(x,ζ)−y,ξ〉 eiθ(x,ξ) a(x, ξ)χ0(ξ) dξ.
Now the estimates on the ξ derivatives of θ(x, ξ) above, yield
sup
|ξ|6=0
|ξ|−1+|α||∂αξ θ(x, ξ)| <∞,
for |α| ≥ 1 uniformly in x, and therefore setting b(x, ξ) := a(x, ξ)χ0(ξ)eiθ(x,ξ)
we have that b(x, ξ) is bounded and sup|ξ|6=0 |ξ|−1+|α||∂αξ b(x, ξ)| < ∞, for
|α| ≥ 1 uniformly in x and using Lemma 1.2.10, we have for all µ ∈ [0, 1)
|T0(x, y)| ≤ C〈∇ξϕ(x, ζ)− y〉−n−µ.
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From this it follows that
sup
x
∫
|T0(x, y)| dy <∞,
and using our rough non-degeneracy assumption and Corollary 1.2.9 in the
case p = 1, we also have∫
|T0(x, y)|dx .
∫
〈∇ξϕ(x, ζ) − y〉−n−µ dx .
∫
〈z〉−n−µ dz <∞,
uniformly in y. This estimate and Young’s inequality yield the Lp bound-
edness of the operator T0. 
1.3. Some links between nonsmoothness and global boundedness.
In this paragraph, we illustrate some of the relations between boundedness
for rough Fourier integral operators and the global boundedness of operators
with smooth amplitudes and phases. Our observation is that local estimates
for non-smooth Fourier integral operators imply global estimates for certain
classes of Fourier integral operators. This can be done either by compact-
ification or by using a dyadic decomposition. To see the relation between
compactification and global boundedness, consider the operator
Tu(x) = (2π)−n
∫
eiϕ(x,ξ)a(x, ξ)û(ξ) dξ.(1.3.1)
Let χ ∈ C∞0 (B(0, 2)) be equal to one on the unit ball B(0, 1), and ω = 1−χ
be supported away from zero. Then
T = T0 + T1, T0 = χT, T1 = ωT.
For the global continuity of T , we are only interested in T1 since the ampli-
tude of T0 is compactly supported in the space variable and the boundedness
of that operator follows from the local theory. Concerning T1, we make the
change of variables
z =
x
|x|1+ 1θ
, x =
z
|z|1+θ , θ ∈ (0, 1](1.3.2)
so that ∫
|T1u(x)|p dx = θ
∫ ∣∣∣T1u( z|z|1+θ )∣∣∣p|z|−n(1+θ) dz.(1.3.3)
Therefore it suffices to study the Lp boundedness of the Fourier integral
operator
T˜1u(z) = (2π)
−n
∫
eiϕ(z/|z|
1+θ,ζ) |z|−np (1+θ)ωa
( z
|z|1+θ , ζ
)
︸ ︷︷ ︸
=a˜(z,ζ)
û(ζ) dζ.(1.3.4)
REGULARITY OF FOURIER INTEGRAL OPERATORS 25
The amplitude a˜(z, ζ) is compactly supported (in the unit ball), and for a
suitable choice of θ belongs to L∞Sm provided1
〈x〉sa(x, ξ) ∈ L∞Sm, s > n
p
.(1.3.5)
Now suppose that ϕ satisfies the following (global) non-degeneracy assump-
tion:
|∇ξϕ(x, ξ) −∇ξϕ(y, ξ)| ≥ c|x− y|(1.3.6)
for all x, y ∈ Rn. Then since2∣∣∣ z|z|1+θ − w|w|1+θ ∣∣∣2 = |z|−2θ + |w|−2θ − 2〈w, z〉|z|1+θ|w|1+θ(1.3.7)
≥ 1
max(|w|, |z|)1+θ |z − w|
2,
the phase ϕ˜(z, ζ) = ϕ(z/|z|1+θ , ζ) satisfies a similar non-degeneracy condi-
tion, namely
|∇ζ ϕ˜(z, ζ)−∇ζ ϕ˜(w, ζ)| =
∣∣∣∇ζϕ( z|z|1+θ , ζ)−∇ζϕ( w|w|1+θ , ζ)∣∣∣(1.3.8)
≥ c
max(|w|, |z|) 1+θ2
|z − w| ≥ c|z − w|,
when |w|, |z| ≤ 1. In order to improve the decay assumption on the ampli-
tude (1.3.5), one can consider more general changes of variables which do
not affect the angular coordinate in the polar decomposition, i.e. coordinate
changes of the form
z = f(|x|) x|x| where f : (0,∞)→ (0, 1) is a diffeomorphism.
Then x = g(|z|)z/|z| where g is the inverse function of f, and the Jacobian
of such a change of variables is given by
|g′(|z|)|gn−1(|z|)|z|1−n.
We would like to choose g in such a way that the singularities of its Jacobian
become weaker than those in the case of g(s) = s−θ. One possible choice is
to take
g(s) = log(1− s)
1This decay assumption is due to the singularity at 0 of |z|−n(1+θ)/p of the Jacobian.
Note that any improvement on the regularity of a˜, ϕ˜ should translate into decay properties
at infinity of the original amplitude and phase a, ϕ.
2In the case of the Kelvin transform θ = 1, it is easy to get a better lower bound (in
fact an equality):
∣
∣
∣
z
|z|2
−
w
|w|2
∣
∣
∣
2
= |z|−2 + |w|−2 −
2〈w, z〉
|z|2|w|2
=
|z − w|2
|z|2|w|2
.
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for which we have
|g′(s)|gn−1(s)s1−n = log
n−1(1− s)
sn−1(1− s) = O
(
(1− s)−1−θ)
if s ∈ (0, 1). For this choice, we need the following decay
〈x〉sa(x, ξ) ∈ L∞Sm, s > 1
p
.(1.3.9)
Furthermore, if one assumes that g/s is decreasing (or increasing) then the
phase ϕ˜ satisfies our non-degeneracy assumption, because∣∣∣ z|z|g(|z|) − w|w|g(|w|)∣∣∣2(1.3.10)
= g(|z|)2 + g(|w|)2 − 2〈w, z〉|z||w| g(|z|)g(|w|)
≥
(g
s
)(
min(|w|, |z|)) |z − w|2 ≥ g′(0) |z − w|2.
Alternatively, in order to investigate global boundedness using a dyadic
decomposition, one takes a Littlewood-Paley partition of unity 1 = χ(x) +∑∞
j=1ψ(2
−jx), which yields
T = χT +
∞∑
j=1
Tj , Tj := ψ(2
−j ·)T.(1.3.11)
Once again we are only interested in Tj and following a change of variables,
we want to prove∫ ∣∣Tj(u(2−j · )(2jz)∣∣p dz ≤ Cp ∫ |u(z)|p dz.(1.3.12)
This leads us to the study of the operator
T˜ju(z) = Tj
(
u(2−j · )(2jz)(1.3.13)
= (2π)−n
∫
ei2
−jϕ(2jz,ζ) ψ(z)a
(
2jz, 2−jζ
)︸ ︷︷ ︸
=a˜j(z,ζ)
û(ζ) dζ.
The estimate
|∂αζ a˜j(z, ζ)| ≤ 2−j|α|(1 + 2j |z|)m︸ ︷︷ ︸
≃2j(m−|α|)
(1 + 2−j |ζ|)m−|α|(1.3.14)
≤ Cα (1 + |ζ|)m−|α|,
yields that the amplitude a˜j(z, ζ) belongs (uniformly with respect to j) to
the class L∞Sm provided
〈x〉−ma(x, ξ) ∈ L∞Sm.(1.3.15)
The phase ϕ˜j(z, ζ) = 2
−jϕ(2jz, ζ) satisfies the non-degeneracy assumption
|∇ζϕ˜j(z, ζ)−∇ζ ϕ˜j(w, ζ)| ≥ c|z − w|.(1.3.16)
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Therefore, once again the problem of establishing the global Lp boundedness
is reduced to a local problem concerning operators with rough amplitudes.
Chapter 2. Global boundedness of Fourier integral operators
In this chapter, partly motivated by the investigation in [23] of the Lp
boundedness of the so called pseudo-pseudodifferential operators where the
symbols of the aforementioned operators are only bounded and measurable
in the spatial variables x, we consider the global and local boundedness in
Lebesgue spaces of Fourier integral operators of the form
Tu(x) = (2π)−n
∫
Rn
eiϕ(x,ξ)a(x, ξ)û(ξ) dξ,(2.0.17)
in case when the phase function ϕ(x, ξ) is smooth and homogeneous of de-
gree 1 in the frequency variable ξ, and the amplitude a(x, ξ) is either in
some Ho¨rmander class Sm̺,δ, or is a L
∞ function in the spatial variable x and
belongs to some L∞Sm̺ class. We shall also investigate the Lp boundedness
problem for Fourier integral operators with rough phases that are L∞ func-
tions in the spatial variable. In the case of the rough phase, the standard
notion of non-degeneracy of the phase function has no meaning due to lack
of differentiability in the x variables. However, there is a non-smooth ana-
logue of the non-degeneracy condition which has already been introduced in
Definition 1.1.6 which will be exploited further here.
We start by investigating the question of L1 boundedness of Fourier inte-
gral operators with rough amplitudes but smooth phase functions satisfying
the strong non-degeneracy condition. Thereafter we turn to the problem of
L2 boundedness of the Fourier integral operators with smooth phases, but
rough or smooth amplitudes. In the case of smooth amplitudes, we show the
analogue of the Caldero´n-Vaillancourt’s L2 boundedness of pseudodifferen-
tial operators in the realm of Fourier integral operators. Next, we consider
Fourier integral operators with rough amplitudes and rough phase functions
and show a global and a local L2 result in that context. We also give a
fairly general discussion of the symplectic aspects of the L2 boundedness of
Fourier integral operators.
After concluding our investigation of the L2 boundedness, we proceed by
proving a sharp L∞ boundedness theorem for Fourier integral operators
with rough amplitudes and rough phases in class L∞Φ2, without any non-
degeneracy assumption on the phase. Finally, we close this chapter by prov-
ing Lp−Lp and Lp−Lq estimates for operators with smooth phase function,
and smooth or rough amplitudes.
2.1. Global L1 boundedness of rough Fourier integral operators. As
will be shown below, the global L1 boundedness of Fourier integral operators
is a consequence of Theorem 1.2.11, the Seeger-Sogge-Stein decomposition,
and elementary kernel estimates.
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Theorem 2.1.1. Let T be a Fourier integral operator given by (0.0.1) with
amplitude a ∈ L∞Sm̺ and phase function ϕ ∈ L∞Φ2 satisfying the rough
non-degeneracy condition. Then there exists a constant C > 0 such that
‖Tu‖L1 ≤ C‖u‖L1 , u ∈ S (Rn)
provided m < −n−12 + n(̺− 1) and 0 ≤ ̺ ≤ 1.
Proof. Using semiclassical reduction of Subsection 1.2.1, we decompose T
into low and high frequency portions T0 and Th. Then we use the Seeger-
Sogge-Stein decomposition of Subsection 1.2.2 to decompose Th into the sum∑J
ν=1 T
ν
h . The boundedness of T0 follows at once from Theorem 1.2.11, so
it remains to establish suitable semiclassical estimates for T νh . To this end
we consider the following differential operator
L = 1− ∂2ξ1 − h∂2ξ′
for which we have according to Lemma 1.2.2
(2.1.1) sup
ξ
‖LN bν(·, ξ, h)‖L∞ . h−m−2N(1−̺).
Integrations by parts yield
|T νh (x, y)| ≤ (2πh)−n
(
1 + g1(y −∇ξϕ(x, ξν)
)−N ∫ |LNbν(x, ξ, h)|dξ
for all integers N , with
(2.1.2) g(z) = h−2z21 + h
−1|z′|2.
This further gives
|T νh (x, y)| ≤ CNh−m−
n+1
2
−2N(1−̺)(1 + g(y −∇ξϕ(x, ξν))−N
since the volume of the portion of cone |A ∩ Γν | is of the order of h(n−1)/2.
By interpolation, it is easy to obtain the former bound when the integer N
is replaced by M/2 where M is any given positive number ; indeed write
M/2 = N + θ where N = [M2 ] and θ ∈ [0, 1) and
|T νh (x, y)| = |T νh (x, y)|θ|T νh (x, y)|1−θ
≤ C1−θN CθN+1h−m−
n+1
2
−(1−̺)M(1 + g(y −∇ξϕ(x, ξν))−M2 .(2.1.3)
This implies that for any real number M > n
sup
x
∫
|T νh (x, y)|dy ≤ CMh−m−M(1−̺).
Furthermore the rough non-degeneracy assumption on the phase function
ϕ(x, ξ) and Corollary 1.2.9 with p = 1 yield
sup
y
∫
|T νh (x, y)|dx ≤ C1−θN CθN+1
∫ (
1 + g(∇ξϕ(x, ξν)
)−M
2 dx
≤ CMh−m−M(1−̺)
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thus using Young’s inequality and summing in ν
‖Thu‖L1 ≤
J∑
ν=1
‖T νhu‖L1 ≤ CMh−m−
n−1
2
−M(1−̺)‖u‖L1
since J is bounded (from above and below) by a constant times h−
n−1
2 . By
Lemma 1.2.1 one has
‖Tu‖L1 . ‖u‖L1
provided m < −n−12 −M(1 − ̺) and M > n, i.e. if m < −n−12 + n(̺− 1).
This completes the proof of Theorem 2.1.1 
2.2. Local and global L2 boundedness of Fourier integral operators.
In this section we study the local and global L2 boundedness properties of
Fourier integral operators. Here we complete the global L2 theory of Fourier
integral operators with smooth strongly non-degenerate phase functions in
class Φ2 and smooth amplitudes in the Ho¨rmander class Sm̺,δ for all ranges
of ρ’s and δ’s. As a first step we establish global L2 boundedness of Fourier
integral operators with smooth phases and rough amplitudes in L∞Sm̺ , then
we proceed by investigating the L2 boundedness of Fourier integral operators
with smooth phases and amplitudes and finally we consider the L2 regularity
of the operators with rough amplitudes in L∞Sm̺ and rough non-degenerate
phase functions in L∞Φ2.
2.2.1. L2 boundedness of Fourier integral operators with phases in Φ2. The
global L2 boundedness of Fourier integral operators which we aim to prove
below, yields on one hand a global version of Eskin’s and Ho¨rmander’s local
L2 boundedness theorem for amplitudes in S01,0, and on the other hand
generalises the global L2 result of Fujiwara’s for amplitudes in S00,0 to the
case of rough amplitudes. Furthermore, as we shall see later, our result is
sharp.
Theorem 2.2.1. Let a(x, ξ) ∈ L∞Sm̺ and the phase ϕ(x, ξ) ∈ Φ2 be strongly
non degenerate. Then the Fourier integral operator
Ta,ϕu(x) =
1
(2π)n
∫
a(x, ξ) eiϕ(x,ξ) û(ξ) dξ
is a bounded operator from L2 to itself provided m < n2 (̺ − 1). The bound
on m is sharp.
Proof. In light of Theorem 1.2.11, we can confine ourselves to deal with the
high frequency component Th of Ta,ϕ, hence we can assume that ξ 6= 0 on
the support of the amplitude a(x, ξ). Here we shall use a ThT
∗
h argument,
and therefore, the kernel of the operator Sh = ThT
∗
h reads
Sh(x, y) =
1
(2πh)n
∫
e
i
h
(ϕ(x,ξ)−ϕ(y,ξ))χ2(ξ)a(x, ξ/h)a(y, ξ/h) dξ
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Now the strong non degeneracy assumption on the phase and Proposition
1.2.4 yield that there is a constant C > 0 such that |∇ξϕ(x, ξ)−∇ξϕ(y, ξ)| ≥
C|x − y|, for x, y ∈ Rn and ξ ∈ Rn \ 0. This enables us to use the non-
stationary phase estimate in [18] Theorem 7.7.1, and the smoothness of the
phase function ϕ(x, ξ) in the spatial variable, yield that for all integers N
|Sh(x, y)| ≤ CNh−2m−n−(1−̺)N 〈h−1(x− y)〉−N ,
for some constant CN > 0. Let M be a positive real number, we have
M = N + θ where N is the integer part of M and θ ∈ [0, 1) and therefore
|Sh(x, y)| = |Sh(x, y)|θ|Sh(x, y)|1−θ
≤ C1−θN CθN+1h−2m−n−(1−̺)M 〈h−1(x− y)〉−M .(2.2.1)
This implies
sup
x
∫
|Sh(x, y)|dy ≤ CMh−2m−(1−̺)M(2.2.2)
for all M > n. By Cauchy-Schwarz and Young inequalities, we obtain
‖T ∗hu‖2L2 ≤ ‖Shu‖L2‖u‖L2 ≤ Ch−2m−(1−̺)M‖u‖2L2 .(2.2.3)
Therefore, by Lemma 1.2.1 we have the L2 bound
‖Tu‖L2 . ‖u‖L2
provided m < −(1− ̺)M/2 and M > n. This completes the proof of The-
orem 2.2.1. For the sharpness of this result we consider the phase function
ϕ(x, ξ) = 〈x, ξ〉 ∈ Φ2 which is strongly non-degenerate. It was shown in
[29] that for m = n2 (̺ − 1) there are symbols a(x, ξ) ∈ Sm̺,1 such that the
pseudodifferential operator
a(x,D)u(x) =
1
(2π)n
∫
a(x, ξ) ei〈x,ξ〉 û(ξ) dξ
is not L2 bounded. Since Sm̺,1 ⊂ L∞Sm̺ , it turns out that there are ampli-
tudes in L∞Sm̺ which yield an L2 unbounded operator for a non-degenerate
phase function in class Φ2. Hence the order m in the theorem is sharp. 
As a consequence, we obtain an alternative proof for the L2 boundedness
of pseudo-pseudodifferential operators introduced in [23]. More precisely we
have
Corollary 2.2.2. Let a(x,D) be a pseudo-pseudodifferential operator, i.e.
an operator defined on the Schwartz class, given by
(2.2.4) a(x,D)u =
1
(2π)n
∫
Rn
ei〈x,ξ〉a(x, ξ)û(ξ) dξ,
with symbol a ∈ L∞Sm̺ , 0 ≤ ̺ ≤ 1. If m < n(̺− 1)/2, then a(x,D) extends
as an L2 bounded operator.
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Theorem 2.2.1 can be used to show a simple local L2 boundedness result
for Fourier integral operators with smooth symbols in the Ho¨rmander class
Sm̺,δ in those cases when the symbolic calculus of the Fourier integral oper-
ators, as defined in [20] breaks down (e.g. in case δ ≥ ̺), more precisely we
have
Corollary 2.2.3. Let a(x, ξ) ∈ Sm̺,δ with compact support in x variable and
let ϕ(x, ξ) ∈ Φ2 be strongly non-degenerate. Then for m < n2 (̺− δ− 1) and
0 ≤ ̺ ≤ 1, 0 ≤ δ ≤ 1. Then the corresponding Fourier integral operator is
bounded on L2.
Proof. By Sobolev embedding theorem, for a function f(x, y) one has∫
|f(x, x)|2 dx ≤ Cn
∑
|α|≤N
∫∫
|∂αy f(x, y)|2 dxdy
with N > n/2. Now let f(x, y) :=
∫
a(y, ξ) eiϕ(x,ξ) uˆ(ξ) dξ. Since a(x, ξ) ∈
Sm̺,δ, we have that ∂
α
y a(y, ξ) ∈ L∞Sm+δ|α|̺ . Therefore, Theorem 2.2.1 yields∫
|∂αy f(x, y)|2 dx . ‖u‖2L2 ,
provided that m + δ|α| < n2 (̺ − 1). Since |α| ≤ N and N > n/2, one sees
that it suffices to take m < n2 (̺− δ− 1). We also note that in the argument
above, the integration in the y variable will not cause any problem due to
the compact support assumption of the amplitude. 
However, as was shown by D. Fujiwara in [12], Fourier integral oper-
ators with phases in Φ2 and amplitudes in S00,0 are bounded in L
2. This
result suggests the possibility of the existence of an analog of the Caldero´n-
Vaillancourt theorem [6], concerning L2 boundedness of pseudodifferential
operators with symbols in S0̺,̺ with ̺ ∈ [0, 1), in the realm of smooth Fourier
integral operators. That this is indeed the case will be the content of The-
orem 2.2.6 below. However, before proceeding with the statement of that
theorem, we will need two lemmas, the first of which is a continuous version
of the Cotlar-Stein lemma, due to A. Caldero´n and R. Vaillancourt, see i.e.
[6] for a proof.
Lemma 2.2.4. Let H be a Hilbert space, and A(ξ) a family of bounded
linear endomorphisms of H depending on ξ ∈ Rn. Assume the following
three conditions hold:
(1) the operator norm of A(ξ) is less than a number C independent of
ξ.
(2) for every u ∈ H the function ξ 7→ A(ξ)u from Rn 7→ H is contin-
uous for the norm topology of H .
(3) for all ξ1 and ξ2 in R
n
(2.2.5) ‖A∗(ξ1)A(ξ2)‖ ≤ h(ξ1, ξ2)2, and ‖A(ξ1)A∗(ξ2)‖ ≤ h(ξ1, ξ2)2,
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with h(ξ1, ξ2) ≥ 0 is the kernel of a bounded linear operator on L2
with norm K.
Then for every E ⊂ Rn, with |E| < ∞, the operator AE =
∫
E A(ξ) dξ
defined by 〈AEu, v〉H =
∫
E〈A(ξ)u, v〉H dξ, is a bounded linear operator on
H with norm less than or equal to K.
We shall also use the following useful lemma.
Lemma 2.2.5. Let
(2.2.6) Lu(x) := D−2(1− is(x)〈∇xF,∇x〉)u(x),
with D := (1 + s(x)|∇xF |2)1/2. Then
(1) L(eiF (x)) = eiF (x)
(2) if tL denotes the formal transpose of L, then for any positive integer
N, (tL)Nu(x) is a finite linear combination of terms of the form
(2.2.7) CD−k{
p∏
µ=1
∂
αµ
x s(x)}{
q∏
ν=1
∂βνx F (x)}∂γxu(x),
with
(2.2.8) 2N ≤ k ≤ 4N ; k − 2N ≤ p ≤ k −N ; |αµ| ≥ 0;
p∑
µ=1
|αµ| ≤ N
k − 2N ≤ q ≤ k −N ; |βν | ≥ 1;
q∑
µ=1
|βν | ≤ q +N ; |γ| ≤ N.
Proof. First one notes that
∂xjD
−N = −N
2
D−N−2
n∑
k=1
{2s(x) ∂xkF ∂2xjxkF + ∂xjs (∂xkF )2}.
This and Leibniz’s rule yield
tLu(x) = D−2u(x) + i
n∑
j=1
∂xj (D
−2 s(x)u(x) ∂xjF )
= D−2u(x)− iD−4
n∑
k, j=1
u(x) s(x) ∂xjF
{
2s(x) ∂xkF ∂
2
xjxk
F
+ ∂xjs (∂xkF )
2 + iD−2
n∑
j=1
u(x) ∂xjs(x) ∂xjF
+ iD−2
n∑
j=1
s(x)u(x) ∂2xjF + iD
−2
n∑
j=1
s(x) ∂xju(x) ∂xjF.
From this it follows that tL is a linear combination of operators of the form
(2.2.9) D−2×
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(2.2.10) D−4s2(x) ∂xjF ∂xkF ∂
2
xjxk
F×
(2.2.11) D−4s ∂xjs ∂xjF (∂xkF )
2×
(2.2.12) D−2∂xjs(x) ∂xjF×
(2.2.13) D−2s(x) ∂2xjF×
(2.2.14) D−2s(x) ∂xjF ∂xj .
If we conventionally say that the term (2.2.7) is of the type(
k, p,
p∑
µ=1
|αµ|, q,
q∑
ν=1
|βν |, |γ|
)
,
then tL is sum of terms of the types (2, 0, 0, 0, 0, 0), (4, 2, 0, 3, 4, 0), (4, 2, 1, 3, 3, 0),
(2, 1, 1, 1, 1, 0), (2, 1, 0, 1, 2, 0) and (2, 1, 0, 1, 1, 1). Now operating the opera-
tors in (2.2.9), (2.2.10), (2.2.11), (2.2.12), (2.2.13) on a term (2.2.7) of type(
k, p,
p∑
µ=1
|αµ|, q,
q∑
ν=1
|βν |, |γ|
)
,
increases the types by (2, 0, 0, 0, 0, 0), (4, 2, 0, 3, 4, 0), (4, 2, 1, 3, 3, 0), (2, 1, 1, 1, 1, 0),
(2, 1, 0, 1, 2, 0) respectively. To see how operating a term of form the 2.2.14
on (2.2.7) changes the type we use Leibniz rule to obtain
D−2s(x) ∂xjF ∂xj
(
D−k
{ p∏
µ=1
∂
αµ
x s(x)
}{ q∏
ν=1
∂βνx F (x)
}
∂γxu(x)
)
=
− k
2
(
D−k−4
n∑
l=1
∂xjF
{
2s(x) ∂xlF ∂
2
xjxl
F + ∂xjs (∂xlF )
2
})
×
{ p∏
µ=1
∂
αµ
x s(x)
}{ q∏
ν=1
∂βνx F (x)
}
∂γxu(x)
+D−k−2∂xjF
p∑
µ′=1
{ ∏
µ6=µ′
∂
αµ
x s(x)
}{
∂xj∂
αµ′
x s(x)
} q∏
ν=1
∂βνx F (x) ∂
γ
xu(x)
+D−k−2∂xjF
p∏
µ=1
∂
αµ
x s(x)
q∑
ν′=1
{ ∏
ν 6=ν′
∂ανx F (x)
}{
∂xj∂
αν′
x F (x)
}
∂γxu(x)
+D−k−2
{ p∏
µ=1
∂
αµ
x s(x)
}{ q∏
ν=1
∂βνx F (x)
}
∂xj ∂
γ
xu(x).
Therefore, upon application of tL to (2.2.7), the types of the resulting terms
increase by (2, 0, 0, 0, 0, 0), (4, 2, 0, 3, 4, 0), (4, 2, 1, 3, 3, 0), (2, 1, 1, 1, 1, 0), (2, 1, 0, 1, 2, 0)
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and (2, 1, 0, 1, 1, 1). Iteration of this process yields
(tL)Nu(x) =
∑
C D−k
{ p∏
µ=1
∂
αµ
x s(x)
}{ q∏
ν=1
∂βνx F (x)
}
∂γxu(x),
where the summation is taken over all non-negative integers N1, N2, N3,
N4, N5, N6 with
∑6
j=1Nj = N and
(2.2.15)(
k, p,
p∑
µ=1
|αµ|, q,
q∑
ν=1
|βν |, |γ|
)
= N1(2, 0, 0, 0, 0, 0) +N2(4, 2, 0, 3, 4, 0)+
N3(4, 2, 1, 3, 3, 0)+N4(2, 1, 1, 1, 1, 0)+N5(2, 1, 0, 1, 2, 0)+N6(2, 1, 0, 1, 1, 1).
Hence,
(2.2.16) k = 2N1 + 4N2 + 4N3 + 2N4 + 2N5 + 2N6
(2.2.17) p = 2N2 + 2N3 +N4 +N5 +N6
(2.2.18)
p∑
µ=1
|αµ| = N3 +N4
(2.2.19) q = 3N2 + 3N3 +N4 +N5 +N6
(2.2.20)
q∑
ν=1
|βν | = 4N2 + 3N3 +N4 + 2N5 +N6
(2.2.21) |γ| = N6.
From this it also follows that (k, p,
∑p
µ=1 |αµ|, q,
∑q
ν=1 |βν |, |γ|) satisfy (2.2.8).

Theorem 2.2.6. If m = min(0, n2 (̺ − δ)), 0 ≤ ̺ ≤ 1, 0 ≤ δ < 1, a ∈ Sm̺,δ
and ϕ ∈ Φ2, satisfies the strong non-degeneracy condition, then the operator
Tau(x) =
∫
a(x, ξ) eiϕ(x,ξ)uˆ(ξ) dξ is bounded on L2.
Proof. First we observe that since for δ ≤ ̺, S0̺,δ ⊂ S0̺,̺, it is enough to show
the theorem for 0 ≤ ̺ ≤ δ < 1 and m = n2 (̺ − δ). Also, as we have done
previously, we can assume without loss of generality that a(x, ξ) = 0 when
ξ is in a a small neighbourhood of the origin. Using the TT ∗ argument, it
is enough to show that the operator
(2.2.22) Tbu(x) =
∫∫
b(x, y, ξ) eiϕ(x,ξ)−iϕ(y,ξ) u(y) dy dξ,
where b satisfies the estimate
(2.2.23) |∂αξ ∂βx∂γy b(x, y, ξ)| ≤ Cαβ γ〈ξ〉m1−̺|α|+δ(|β|+|γ|),
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with m1 = n(̺− δ) and 0 ≤ ̺ ≤ δ < 1, is bounded on L2.
We introduce a differential operator
L := D−2
{
1− i〈ξ〉̺(〈∇ξϕ(x, ξ) −∇ξϕ(y, ξ),∇ξ〉)},
with D = (1 + 〈ξ〉̺|∇ξϕ(x, ξ) −∇ξϕ(y, ξ)|2)
1
2 . It follows from Lemma 2.2.5
that
L(eiϕ(x,ξ)−iϕ(y,ξ)) = eiϕ(x,ξ)−iϕ(y,ξ)
and that (tL)N (b(x, y, ξ)) is a finite sum of terms of the form
(2.2.24) D−k
{ p∏
µ=1
∂
αµ
ξ 〈ξ〉̺
}{ q∏
ν=1
(
∂βνξ ϕ(x, ξ) − ∂βνξ ϕ(y, ξ)
)}
∂γξ b(x, y, ξ).
Furthermore since ϕ ∈ Φ2 is assumed to be strongly non-degenerate, we can
use Proposition 1.2.4 to deduce that
(2.2.25) |∇ξϕ(x, ξ) −∇ξϕ(y, ξ)| ≥ c1|x− y|
(2.2.26) |∇zϕ(z, ξ2)−∇zϕ(z, ξ1)| ≥ c2|ξ1 − ξ2|.
Using (2.2.25), (2.2.8) and (2.2.23), we have
(2.2.27) |∂σx (tL)N (b(x, y, ξ))| ≤ CΛ(〈ξ〉̺(x− y))〈ξ〉m1+δ|σ|,
where Λ is an integrable function with
∫
Λ(x) dx . 1. Integration by parts
using L, N times, in (2.2.22) one has
(2.2.28) Tbu(x) =
∫∫
c(x, y, ξ) eiϕ(x,ξ)−iϕ(y,ξ) u(y) dy dξ,
with c(x, y, ξ) = (tL)N (b(x, y, ξ)) and
(2.2.29) |∂σx c(x, y, ξ)| ≤ CΛ(〈ξ〉̺(x− y))〈ξ〉m1+δ|σ|
and the same estimate is valid for ∂σy c(x, y, ξ). From this we get the repre-
sentation
(2.2.30) Tb =
∫
A(ξ) dξ,
where A(ξ)u(x) :=
∫
c(x, y, ξ) eiϕ(x,ξ)−iϕ(y,ξ) u(y) dy. Noting that A(ξ) = 0
for ξ outside some compact set, we observe that condition (1) of Lemma
2.2.4 follows from Young’s inequality and (2.2.29) with σ = 0, and condition
(2) of Lemma 2.2.4 follows from the assumption of the compact support of
the amplitude. To verify condition (3) we confine ourselves to the estimate
of ‖A∗(ξ1)A(ξ2)‖, since the one for ‖A(ξ1)A∗(ξ2)‖ is similar. To this end, a
calculation shows that the kernel of A∗(ξ1)A(ξ2) is given by
(2.2.31) K(x, y, ξ1, ξ2) :=∫
c(z, x, ξ1) c(z, y, ξ2) e
i[ϕ(z,ξ2)−ϕ(z,ξ1)+ϕ(x,ξ1)−ϕ(y,ξ2)] dz.
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The estimate (2.2.29) yields
(2.2.32) |K(x, y, ξ1, ξ2)|
. 〈ξ1〉m1 〈ξ2〉m1
∫
Λ(〈ξ1〉̺(x− z))Λ(〈ξ2〉̺(y − z)) dz.
Therefore by choosing N large enough, Young’s inequality and using the
fact that
∫
Λ(x) dx . 1 yield
(2.2.33) ‖A∗(ξ1)A(ξ2)‖ . 〈ξ1〉m1−n̺ 〈ξ2〉m1−n̺.
At this point we introduce another first order differential operator M :=
G−2{1 − i(〈∇zϕ(z, ξ2) − ∇zϕ(z, ξ1),∇z〉)}, with G = (1 + |∇zϕ(z, ξ2) −
∇zϕ(z, ξ1)|2) 12 . Using the fact that Mei(ϕ(z,ξ2)−ϕ(z,ξ1)) = ei(ϕ(z,ξ2)−ϕ(z,ξ1)),
integration by parts in (2.2.31) yields
(2.2.34)
∫
(tM)N
′{c(z, x, ξ1) c(z, y, ξ2)} ei[ϕ(z,ξ2)−ϕ(z,ξ1)+ϕ(x,ξ1)−ϕ(y,ξ2)] dz.
Using the second part of Lemma 2.2.5, we find that (tM)N
′{c(z, x, ξ1) c(z, y, ξ2)}
is a linear combination of terms of the form
(2.2.35) G−k
{ q∏
ν=1
(∂βνz ϕ(z, ξ2)− ∂βνξ ϕ(z, ξ1))
}
∂γ1z c(z, x, ξ1) ∂
γ2
z c(z, y, ξ2),
where k, q, βν satisfy the inequalities in 2.2.8 and |γ1| + |γ2| ≤ N ′. Now,
(2.2.26), (2.2.29) and (2.2.35), yield the following estimate for K(x, y, ξ1, ξ2)
|K(x, y, ξ1, ξ2)| . 〈ξ1〉m1 〈ξ2〉m1(1 + |ξ1|+ |ξ2|)δN ′ |ξ1 − ξ2|−N ′(2.2.36)
×
∫
Λ(〈ξ1〉̺(x− z))Λ(〈ξ2〉̺(y − z)) dz.
Once again, choosing N large enough, Young’s inequality yields
(2.2.37) ‖A∗(ξ1)A(ξ2)‖ . 〈ξ1〉m1−n̺ 〈ξ2〉m1−n̺ (1 + |ξ1|+ |ξ2|)
δN ′
|ξ1 − ξ2|N ′ .
Using the fact that for x > 0, inf(1, x) ∼ (1 + 1x)−1, one optimizes the
estimates (2.2.33) and (2.2.37) by
‖A∗(ξ1)A(ξ2)‖ . 〈ξ1〉m1−n̺ 〈ξ2〉m1−n̺
(
1 +
|ξ1 − ξ2|N ′
(1 + |ξ1|+ |ξ2|)δN ′
)−1(2.2.38)
:= h2(ξ1, ξ2).
Therefore recalling that m1 = n(̺ − δ), in applying Lemma 2.2.4, we need
to show that
(2.2.39) K(ξ1, ξ2) = (1+ |ξ1|)
−nδ
2 (1+ |ξ2|)−
nδ
2
(
1+
|ξ1 − ξ2|N ′
(1 + |ξ1|+ |ξ2|)δN ′
)− 1
2
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is the kernel of a bounded operator in L2. At this point we use Schur’s
lemma, which yields the desired conclusion provided that
sup
ξ1
∫
K(ξ1, ξ2) dξ2, sup
ξ2
∫
K(ξ1, ξ2) dξ1
are both finite. Due to the symmetry of the kernel, we only need to show
the finiteness of one of these quantities.
To this end, we fix ξ1 and consider the domains A = {(ξ1, ξ2); |ξ2| ≥ 2|ξ1|},
B = {(ξ1, ξ2); |ξ1|2 ≤ |ξ2| ≤ 2|ξ1|}, and C = {(ξ1, ξ2); |ξ2| ≤ |ξ1|2 }. Now we
observe that on the set A, K(ξ1, ξ2) is dominated by
(2.2.40) (1 + |ξ1|)−
nδ
2 (1 + |ξ2|)−
nδ
2
+N
′
2
(δ−1),
on B, K(ξ1, ξ2) is dominated by
(2.2.41) (1 + |ξ1|)−nδ
(
1 +
|ξ1 − ξ2|N ′
(1 + |ξ1|)δN ′
)− 1
2
,
and on C, K(ξ1, ξ2) is dominated by
(2.2.42) (1 + |ξ2|)−
nδ
2 (1 + |ξ1|)−
nδ
2
+N
′
2
(δ−1).
Therefore, if IΩ :=
∫
ΩK(ξ1, ξ2) dξ2, then choosing
N ′
2 (δ − 1) < −n, which is
only possible if δ < 1, we have that IA <∞ uniformly in ξ1. Also,
(2.2.43) IC ≤ (1 + |ξ1|)n−
nδ
2
+N
′
2
(δ−1) ≤ C,
which is again possible by the fact that δ < 1 and a suitable choice of N ′.
In IB let us make a change of variables to set ξ2 − ξ1 = (1 + |ξ1|)δy, then
(2.2.44) IB ≤
∫
(1 + |y|N ′)− 12dy <∞,
by taking N ′ large enough. These estimates yield the desired result and the
proof of there theorem is therefore complete. 
2.2.2. L2 boundedness of Fourier integral operators with phases in L∞Φ2.
Next we shall turn to the problem of L2 boundedness of Fourier integral op-
erators with non-smooth amplitudes and phases. As was mentioned in the
introduction, a motivation for considering fully rough Fourier integral oper-
ators stems from a ”linearisation” procedure which reduces certain maximal
operators to Fourier integral operators with a non-smooth phase and some-
times also a non-smooth amplitude. For instance, estimates for the maximal
spherical average operator
Au(x) = sup
t∈[0,1]
∣∣∣∣ ∫
Sn−1
u(x+ tω) dσ(ω)
∣∣∣∣
are related to those for the maximal wave operator
Wu(x) = sup
t∈[0,1]
∣∣eit√−∆u(x)∣∣,
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and can for instance be deduced from those of the linearized operator
eit(x)
√−∆u = (2π)−n
∫
Rn
eit(x)|ξ|+i〈x,ξ〉û(ξ) dξ,(2.2.45)
where t(x) is a measurable function in x, with values in [0, 1] and the phase
here belongs to the class L∞Φ2. As will be demonstrated later, the validity
of the results in the rough case depend on the geometric conditions (imposed
on the phase functions) which are the rough analogues of the non-degeneracy
and corank conditions for smooth phases. In trying to understand the subtle
interrelations between boundedness, smoothness and geometric conditions,
we remark that even if one assumes the phase of the linearized operator
(2.2.45) to be smooth, there are cases for which the canonical relation of this
operator ceases to be the graph of a symplectomorphism. Indeed, contrary
to the wave operator eit
√−∆ at fixed time t ∈ [0, 1], the phase ϕ(x, ξ) =
〈x, ξ〉+ t(x)|ξ| of the linearized operator cannot be a generating function of
a canonical transformation, (see [10]), in certain cases since
∂2ϕ
∂x∂ξ
(x, ξ) = Id +∇t(x)⊗ ξ|ξ| ,
ker
∂2ϕ
∂x∂ξ
(x, ξ) = span∇t(x) when 〈ξ,∇t(x)〉 + |ξ| = 0,
and this happens when |∇t(x)| ≥ 1 and ξ = ̺(− ∇t(x)|∇t(x)|2 + η) with ̺ ∈ R∗+
and η is a vector orthogonal to ∇t(x) of norm (1 − |∇t(x)|−2)1/2. There-
fore, one can not expect L2 boundedness of (2.2.45) even when the function
t(x) is smooth. Nevertheless, in this case the rank of the Hessian ∂2ϕ/∂x∂ξ
drops by one with respect to its maximal possible value, and one could still
establish L2 estimates with loss of derivatives (see section 2.2.3 for more
details). The operators that we intend to study will fall into this category.
Before we investigate the local L2 boundedness of operators based on geo-
metric conditions on their phase, we state and prove a purely analytic global
L2 boundedness result which will be used later.
Theorem 2.2.7. Let T be a Fourier integral operator given by (0.0.1) with
amplitude a ∈ L∞Sm̺ , 0 ≤ ̺ ≤ 1 and a phase function ϕ(x, ξ) ∈ L∞Φ2
satisfying the rough non-degeneracy condition. Then there exists a constant
C > 0 such that
‖Tu‖L2 . ‖u‖L2
provided m < n(̺− 1)/2 − (n − 1)/4.
Proof. Using semiclassical reduction of Subsection 1.2.1, we decompose T
into low and high frequency portions T0 and Th. The boundedness of T0
follows at once from Theorem 1.2.11, so it remains to establish suitable
semiclassical estimates for Th. Once again we use the TT
∗ argument. The
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kernel of the operator Sh = ThT
∗
h reads
Sh(x, y) = (2πh)
−n
∫
e
i
h
(ϕ(x,ξ)−ϕ(y,ξ))χ2(ξ)a(x, ξ/h)a(y, ξ/h) dξ.
We now use the Seeger-Sogge-Stein decomposition (section 1.2.2) and split
this operator as the sum
∑N
j=1 S
ν
h where the kernel of S
ν
h takes the form
Sνh(x, y) = (2πh)
−n
∫
e
i
h
〈∇ξϕ(x,ξν)−∇ξϕ(y,ξν),ξ〉bν(x, ξ, h)bν(y, ξ, h) dξ.
We consider the following differential operator
L = 1− ∂2ξ1 − h∂2ξ′
for which we have according to Lemma 1.2.2
(2.2.46) sup
ξ
‖LN bν(·, ξ, h)‖L∞ . h−m−2N(1−̺).
Integration by parts yields
|Sνh(x, y)| ≤ (2πh)−n
(
1 + g
(∇ξϕ(y, ξν)−∇ξϕ(x, ξν)))−N
×
∫ ∣∣LN(bν(x, ξ, h)bν(y, ξ, h))∣∣ dξ
for all integers N , with
(2.2.47) g(z) = h−2z21 + h
−1|z′|2.
The standard interpolation trick gives the same inequality for for all positive
numbers M > 0 and thus we have
|Sνh(x, y)| ≤ Ch−2m−
n+1
2
−2M(1−̺)(1 + g(∇ξϕ(y, ξν)−∇ξϕ(x, ξν)))−M
since the volume of the portion of cone |A ∩ Γν | is of the order of h(n−1)/2.
By the non-degeneracy assumption and Lemma 1.2.6, we get∫
|Sνh(x, y)|dy ≤ Ch−2m−
n+1
2
−2M(1−̺)
∫ (
1 + g(z)
)−M
dz︸ ︷︷ ︸
=ch
n+1
2
.
By Young’s inequality (remembering that the kernel Sνh(x, y) is symmetric),
we obtain
‖Sνhu‖L2 ≤ Ch−2m−2M(1−̺)‖u‖L2
and summing the inequalities
‖T ∗hu‖2L2 ≤
J∑
ν=1
‖Sνhu‖L2‖u‖L2 ≤ Ch−2m+
n−1
2
−2(1−̺)M‖u‖L2 ,
since there are roughly h−(n−1)/2 terms in the sum. By Lemma 1.2.1, we
have the L2 bound
‖Tu‖L2 . ‖u‖L2
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provided m < −(n−1)/4+(̺−1)M andM > n/2, which yields the desired
result. 
Remark 2.2.8. The reason why we were led to perform the Seeger-Sogge-
Stein decomposition is that under the rough non-degeneracy assumption
(Definition 1.1.6), the non-stationary phase (Theorem 7.7.1 [18]) provides
the bound
|Sh(x, y)| ≤ CNh−2m−n+N |x− y|2N(2.2.48)
≤ CNh−2m−n
(
1 + h−1|x− y|2)−N
leading, when say ̺ = 1, to a loss of n/4 derivatives instead of (n − 1)/4
derivatives in our case. This however can be improved to no loss of deriva-
tives when one also assumes that there is a Lipschitz bound on the higher
order derivatives
|∂αξ ϕ(x, ξ) − ∂αξ ϕ(y, ξ)| ≤ Cα|x− y|, |α| ≥ 2.
This is indeed the case in dimension n = 1, or if the phase can be decomposed
as ϕ(x, ξ) = ϕ♯(x, ξ) + ϕ♭(x, ξ) where ϕ♯ is linear in ξ and ϕ♭ ∈ Φ2.
Let π1 denote the projection onto the spatial variables, i.e.
π1 : T
∗Rn → Rn
(x, ξ) 7→ x.
A geometric condition sufficient for the local L2 boundedness of rough
Fourier integral operators with phase functions ϕ(x, ξ) and amplitudes a(x, ξ)
is as follows:
Rough corank condition. For each x ∈ π1(supp a) and all ξ ∈ Sn−1 there
exists a linear subspace Vx,ξ belonging to the Grassmannian Gr(n, n − k)
varying continuously with (x, ξ), and constants c1, c2 > 0 such that if πVx,ξ
denotes the projection onto Vx,ξ, then
|∂ξϕ(x, ξ) − ∂ξϕ(y, ξ)| + c1|x− y|2 ≥ c2|πVx,ξ(x− y)|
for all x, y ∈ π1(supp a).
Theorem 2.2.9. Let T be a Fourier integral operator given by (0.0.1) with
amplitude a ∈ L∞Sm̺ and phase function ϕ ∈ L∞Φ2. Suppose that the
phase satisfies the rough corank condition 2.2.2, then T can be extended as
a bounded operator from L2comp to L
2
loc provided m < −n+k−14 + (n−k)(̺−1)2 .
Proof. Since we aim to prove a local L2 boundedness result, we may assume
that the amplitude a is compactly supported in the spatial variable x. Then
since S0 = T0T
∗
0 has a bounded compactly supported kernel, it extends to
a bounded operator on L2. It remains to deal with the high frequency part
of the operator. Given (xµ, ξµ) ∈ Rn × Rn, µ = 1, . . . , J, we consider a
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partition of unity
J∑
µ=1
ψµ(x, ξ) = 1, ξ 6= 0
given by functions ψµ homogeneous of degree 0 in the frequency variable ξ
supported in cones
Γµ =
{
(x, ξ) ∈ T ∗Rn; |x− xµ|2 +
∣∣∣ ξ|ξ| − ξµ∣∣∣2 ≤ ε2}
where ε is yet to be chosen. We decompose the operator as
Th =
N∑
µ=1
T µh(2.2.49)
where the kernel of T µh is given by
T µh (x, y) = (2πh)
−n
∫
Rn
e
i
h
ϕ(x,ξ)− i
h
〈y,ξ〉ψµ(x, ξ)χ(ξ)a(x, ξ/h) dξ.
We have the direct sum
Rn = Vxµ,ξµ ⊕ V ⊥xµ,ξµ , dimVxµ,ξµ = n− k
and we decompose vectors x = x′ + x′′ (i.e. x = (x′, x′′)) according to this
sum. Assumption 2.2.2 implies
|∂ξϕ(x′, x′′, ξ)− ∂ξϕ(y′, x′′, ξ)|
≥ c2|πVx,ξ(x′ − y′)| − c1|x′ − y′|2
≥ c2|x′ − y′|
(
1− ‖πVx,ξ − πVxµ,ξµ‖ −
c1
c2
|x′ − y′|
)
.
Now since (x, ξ) 7→ πVx,ξ is continuous, we can choose ε in the definition of
the cone Γµ small enough so that
‖πVx,ξ − πVxµ,ξµ‖ ≤
1
4
, |x′ − y′| ≤ |x′ − xµ′ |+ |y′ − xµ′ | ≤ c2
4c1
and therefore we have
|∂ξϕ(x′, x′′, ξ)− ∂ξϕ(y′, x′′, ξ)| ≥ c2
2
|x′ − y′|(2.2.50)
when (x, ξ) and (y, ξ) belong to Γµ. We fix the x′′ variable and use a TT ∗
argument on the operator acting in the x′ variables. We consider
Sµh (x
′, x′′, y′) = (2πh)−n
∫
e
i
h
(ϕ(x,ξ)−ϕ(y′,x′′,ξ))aµh(x, ξ)a
µ
h(y
′, x′′, ξ) dξ.
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Because of (2.2.50), performing a Seeger-Sogge-Stein decomposition and rea-
soning as in the proof of Theorem 2.2.7 we get(∫
Vxµ,ξµ
∣∣∣∣ ∫
Vxµ,ξµ
Sµh (x
′, x′′, y′)u(y′) dy′
∣∣∣∣2 dx′)12
≤ Ch−2m−n−k−12 −k−2M(1−̺)
(∫
|u(y′)|2 dy′
) 1
2
,
with a constant C that is independent of x′′, provided M > n−k2 and there-
fore∫ ∣∣∣ ∫
Vxµ,ξµ
T µh (x
′, x′′, y)u(x) dx′
∣∣∣2 dy ≤ Ch−2m−n−12 − k2−2M(1−̺)‖u‖2L2 .
Hence by Minkowski’s integral inequality
‖T ∗hu‖L2 ≤
∫
V ⊥
xµ,ξµ
(∫ ∣∣∣ ∫
Vxµ,ξµ
T µh (x
′, x′′, y)u(x) dx′
∣∣∣2 dy)12dx′′
≤ Ch−m−n−14 − k4−M(1−̺)‖u‖L2
provided M > n−k2 and the amplitude is compactly supported in x
′′. This
yields the L2 bound for m < −(n− 1+ k)/4− (1− ̺)M provided M > n−k2 ,
and completes the proof of Theorem 2.2.9 
Remark 2.2.10. The phase of the linearized maximal wave operator which
is ϕ(x, ξ) = t(x)|ξ|+ 〈x, ξ〉, satisfies the assumptions of Theorem 2.2.9 since
it belongs to L∞Φ2 and it also satisfies the rough corank condition 2.2.2. In-
deed if ξ ∈ Sn−1 we can take Vx,ξ = ξ⊥ and if πξ, πξ⊥ denote the projections
onto span ξ and Vx,ξ respectively then it is clear that
|∂ξϕ(x, ξ)− ∂ξϕ(y, ξ)|2
= |t(x)− t(y)|2 + |x− y|2 + 2(t(x) − t(y)) 〈ξ, x− y〉︸ ︷︷ ︸
=±|πξ(x−y)|
≥ ∣∣πξ⊥(x− y)∣∣2 + ∣∣|t(x)− t(y)| − |πξ(x− y)|∣∣2
≥ |πξ⊥(x− y)|2.
Therefore, as mentioned earlier, the Fourier integral operators under con-
sideration include the linearized maximal wave operator.
A consequence of this is a local L2 boundedness result for Fourier integral
operators with smooth phase functions and rough symbols.
Corollary 2.2.11. Suppose that ϕ(x, ξ) is a smooth phase function satisfy-
ing the non-degeneracy condition
(2.2.51) rank
∂2ϕ
∂xj∂ξk
≥ n− k, on supp a
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and the entries of the Hessian matrix have bounded derivatives with respect to
both x and ξ separately. Assume also that the symbol a belongs to L∞Sm̺ , 0 ≤
̺ ≤ 1. Then the associated Fourier integral operator is bounded from L2comp
to L2loc provided m < −k2 + (n−k)(̺−1)2 .
This is sharp, for example in the case k = 0 (i.e. pseudodifferential
operators), since there exists m0 with m0 > n(̺− δ)/2 such that the pseu-
dodifferential operator with symbol belonging to Sm0̺,δ is not bounded from
L2comp to L
2
loc, see [21]. Now since the phase of a pseudodifferential operator
satisfies the condition of the above corollary with k = 0 and since obvi-
ously m0 ≥ n(̺ − 1)/2 and Sm0̺,δ ⊂ L∞Sm0̺ , it follows that the above L2
boundedness is sharp.
2.2.3. Symplectic aspects of the L2 boundedness. Here we shall discuss the
symplectic aspects of the L2 boundedness of Fourier integral operators which
aims to highlight the essentially geometric nature of the problem of L2 reg-
ularity of Fourier integral operators. We begin by recalling some of the well
known L2 continuity results in the case of smooth phases and amplitudes.
The kernel of the Fourier integral operator
Tu(x) = (2π)−n
∫
Rn
eiϕ(x,ξ)a(x, ξ)û(ξ) dξ(2.2.52)
is an oscillatory integral whose wave front set is contained in the closed
subset of T˙ ∗R2n = T ∗R2n \ 0
WF(T ) ⊂ {(x, ∂xϕ(x, ξ), ∂ξϕ(x, ξ),−ξ) : (x, ξ) ∈ suppa, ξ 6= 0}.(2.2.53)
The cotangent space T ∗Rn is endowed with the symplectic form
σ =
n∑
j=1
dξj ∧ dxj.
A canonical relation is a Lagrangian submanifold of the product T ∗Rn ×
T ∗Rn endowed with the symplectic form σ ⊕ (−σ), this means that the
aforementioned symplectic form vanishes on the canonical relation. In par-
ticular, by rearranging the terms in the closed cone (2.2.53), one obtains a
canonical relation
Cϕ =
{
(x, ∂xϕ(x, ξ), ∂ξϕ(x, ξ), ξ) : (x, ξ) ∈ suppa
}
in T ∗Rn × T ∗Rn. If C is a canonical relation, we consider the two maps
π1 : (x, ξ) 7→ (x, ∂xϕ) and π2 : (x, ξ) 7→ (∂ξϕ, ξ),
C ⊂ T ∗Rn × T ∗Rn
π1
{{ww
ww
ww
ww π2
##
GG
GG
GG
GG
T ∗Rn T ∗Rn.
The canonical relation C is (locally) the graph of a smooth function χ if and
only if π1 is a (local) diffeomorphism, and in this case χ = π2 ◦ π−11 . This
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function χ is a diffeomorphism if and only if π2 is a diffeomorphism. Note
that if this is the case, χ is a symplectomorphism because the submanifold
C is Lagrangian for the symplectic form, i.e. σ ⊕ (−σ)
dξ ∧ dx− dη ∧ dy = 0 when (y, η) = χ(x, ξ).
The canonical relation Cϕ is locally the graph of a symplectomorphism in
the neighbourhood of (x0, ∂xϕ(x0, ξ0), ∂ξϕ(x0, ξ0), ξ0) if and only if
det
∂2ϕ
∂x∂ξ
(x0, ξ0) 6= 0.(2.2.54)
It is well-known that the Fourier integral operators of order 0 whose canon-
ical relation Cϕ is locally the graph of a symplectic transformation χ, are
locally L2 bounded. More precisely
Theorem 2.2.12. Let a ∈ S01,0 and ϕ be a real valued function in C∞(Rn×
Rn\0) which is homogeneous of degree 1 in ξ. Assume that the homogeneous
canonical relation Cϕ is locally the graph3 of a symplectomorphism between
two open neighbourhoods in T˙ ∗Rn = T ∗Rn \ 0. Then the Fourier integral
operator (2.2.52) defines a bounded operator from L2comp to L
2
loc.
Proof. This is Theorem 25.3.1 in [19]. 
But in fact, there are boundedness results even when C is not the graph
of a symplectomorphism, i.e. when either the projection π1 or π2 is not a
diffeomorphism. There is an important instance for which this is the case
and one could still prove local L2 boundedness with loss of derivatives. A
suggestive example for this situation is the restriction operator to a linear
subspace H =
{
x = (x′, x′′) ∈ Rn = Rn′ ×Rn′′ : x′′ = 0}
RHu = 〈D〉mu(x′, 0) = (2π)−n
∫
ei〈x
′,ξ′〉〈ξ〉mû(ξ) dξ
where m ≤ 0. We know that this operator is bounded from L2comp to L2loc;
indeed for all a ∈ C∞0 (Rn) there exists a constant Cm,n such that
‖aRHu‖L2 ≤ Cm,n‖u‖L2
provided m ≤ − codimH/2. The canonical relation of the Fourier integral
operator RH is given by
CH =
{
(x, ξ′, 0;x′, 0, ξ), (x, ξ) ∈ T ∗Rn}
π1
||yy
yy
yy
yy
yy π2
""
EE
EE
EE
EE
EE
{
ξ′′ = 0
} ⊂ T ∗Rn {x′′ = 0} ⊂ T ∗Rn.
3Or equivalently that (2.2.54) holds on supp a.
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By σCH we denote the pullback of the symplectic form σ, by π1, to CH (of
course we could equally well consider the pullback π∗2σ without changing
anything)
σCH = π
∗
1σ = dξ
′ ∧ dx′.
Then we have
corank σCH = 2n
′′ = 2codimH
and the condition of L2 boundedness is therefore m ≤ − corank σCH/4. In
fact, this example models the general situation, and this is Theorem 25.3.8
in [19].
Theorem 2.2.13. Let a ∈ Sm1,0 and ϕ be a real valued function in C∞(Rn×
Rn \ 0) which is homogeneous of degree 1 in ξ such that4 dϕ 6= 0 on suppa.
Then the Fourier integral operator (2.2.52) defines a bounded operator from
L2comp to L
2
loc provided m ≤ − corankσCϕ/4. Here σCϕ is the two form on
Cϕ obtained by lifting to Cϕ the symplectic form σ on T˙ ∗Rn by one of the
projections π1 or π2.
The fact that the canonical relation is parametrised by
F : (x, ξ) 7→ (x, ∂xϕ(x, ξ), ∂ξϕ(x, ξ), ξ)
allows us to compute
F ∗(π∗1σ) = d(π1 ◦ F )∗(ξ dx) = d
(
∂xϕ(x, ξ) dx
)
=
n∑
j,k=1
∂2xjxkϕ(x, ξ) dxj ∧ dxk︸ ︷︷ ︸
=0
+
n∑
j,k=1
∂2ξjxkϕ(x, ξ) dξj ∧ dxk.
Therefore we have
F ∗σCϕ =
n∑
j,k=1
∂2ξjxkϕ(x, ξ) dξj ∧ dxk
which yields
corankσCϕ = 2corank
∂2ϕ
∂x∂ξ
.
The geometric assumption in Theorem 2.2.13 (which is valid for general
Fourier integral operators, not necessarily of the form (2.2.52)) is therefore
equivalent to
m ≤ −1
2
corank
∂2ϕ
∂x∂ξ
.(2.2.55)
4This ensures that Cϕ is a homogeneous canonical relation to which the radial vectors
of T˙ ∗Rn × 0 and 0× T˙ ∗Rn are never tangential.
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Remark 2.2.14. If the function t(x) in the linearized maximal wave oper-
ator (2.2.45) were smooth, then that operator would fall into the category
of Fourier integral operators satisfying the assumptions of Theorem 2.2.13.
Indeed as already noted in the introduction, the corank of ∂2ϕ/∂x∂ξ when
ϕ(x, ξ) = t(x)|ξ|+ 〈x, ξ〉 is at most 1. Therefore eit(x)
√−∆ defines a bounded
operator from H
1/2
comp to L2loc when t(x) is a smooth function on R
n.
Theorem 2.2.7 for ̺ = 1 is the non-smooth analogue of Theorem 2.2.12
where the non-degeneracy condition (2.2.54) which requires smoothness in x
has been replaced by Definition 1.1.6. Note nevertheless that Theorem 2.2.7
is a global L2 result. Similarly Theorem 2.2.9 for ̺ = 1 is the non-smooth
analogue of Theorem 2.2.13 with (2.2.55) replaced by assumption 2.2.2.
2.3. Global L∞ boundedness of rough Fourier integral operators.
In this section, we establish the L∞ boundedness of Fourier integral oper-
ators. To prove the L∞ boundedness of the high frequency portion of the
operator, we need to use the semiclassical estimates of Subsection 1.2.2.
However, using only the Seeger-Sogge-Stein decomposition yields a loss of
derivatives no better than m < −n−12 +n(̺−1), and to obtain the sharp L∞
boundedness result claimed in Theorem 2.3.1, further analysis is needed.
Theorem 2.3.1. Let T be a Fourier integral operator given by (0.0.1) with
amplitude a ∈ L∞Sm̺ and phase function ϕ ∈ L∞Φ2. Then there exists a
constant C > 0 such that
‖Tu‖L∞ . ‖u‖L∞ , u ∈ S (Rn)
provided m < −n−12 + n2 (̺ − 1) and 0 ≤ ̺ ≤ 1. Furthermore, this result is
sharp.
Proof. As a first step, we use the semiclassical reduction of Subsection 1.2.1
to decompose T into T0 and Th. Thereafter we split the semiclassical piece
Th further into
∑J
ν=1 T
ν
h using the Seeger-Sogge-Stein decomposition of Sub-
section 1.2.2 applied to the amplitude a(x, ξ) and the phase ϕ(x, ξ). Once
again, the boundedness of T0 follows from Theorem 1.2.11, but here we don’t
need the rough non-degeneracy of the phase function due to the fact that
we are dealing with the L∞ boundedness of T0 which only requires that the
integral with respect to the y variable of the Schwartz kernel T0(x, y) being
finite. See Theorem 1.2.11 for further details.
From equation 1.2.6 one deduces that the kernel of the semiclassical high
frequency operator T νh is given by
T νh (x, y) = (2πh)
−n
∫
Rn
e
i
h
〈∇ξϕ(x,ξν)−y,ξ〉bν(x, ξ, h) dξ,
with
bν(x, ξ, h) = e
i
h
〈∇ξϕ(x,ξ)−∇ξϕ(x,ξν),ξ〉ψν(ξ)χ(ξ)a(x, ξ/h).
Now since
‖T νhu‖L∞ ≤ ‖u‖L∞
∫
|T νh (x, y)|dy,
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it remains to show a suitable estimate for
∫ |T νh (x, y)| dy. As in the proof of
L1 boundedness, we use the differential operator
L = 1− ∂2ξ1 − h∂2ξ′
for which we have according to Lemma 1.2.2
(2.3.1) sup
ξ
‖LN bν(·, ξ, h)‖L∞ . h−m−2N(1−̺).
Setting
(2.3.2) g(z) = h−2z21 + h
−1|z′|2,
we have
LN e
i
h
〈∇ξϕ(x,ξν)−y,ξ〉 =
(
1 + g(y −∇ξϕ(x, ξν)
)N
e
i
h
〈∇ξϕ(x,ξν)−y,ξ〉
for all integers N . Now we observe that
(2πh)
n
2
∫
|T νh (x, y)|dy = (2πh)
n
2
∫
|T νh (x, y +∇ξϕ(x, ξν))|dy
=
∫
|b̂ν(x, y, h)|dy
=
∫
√
g(y)≤h̺
+
∫
√
g(y)>h̺
|b̂ν(x, y, h)|dy := I1 + I2,
where
b̂ν(x, y, h) = (2πh)−
n
2
∫
e−
i
h
〈y,ξ〉 bν(x, ξ, h) dξ
is the semiclassical Fourier transform of bν . To estimate I1 we use the
Cauchy-Schwarz inequality, the semiclassical Plancherel theorem, the def-
inition of g in (2.3.2) and (2.3.1). Hence remembering the fact that the
measure of the ξ-support of bν(x, ξ, h) is O(h
(n−1)
2 ) we have
I1 ≤
{∫
√
g(y)≤h̺
dy
}1
2
{∫
|b̂ν(x, y, h)|2dy
} 1
2
. h
n+1
4
{∫
|y|≤h̺
dy
} 1
2
{∫
|bν(x, ξ, h)|2 dξ
}1
2
. h
n+1
4 h
n̺
2 h−m+
n−1
4 . h
n
2 h−m+
n̺
2 .
Before we proceed with the estimate of I2, we observe that if l is a non-
negative integer then the semiclassical Plancherel theorem and (2.3.1) yield(∫
|b̂ν(x, y, h)|2(1 + g(y))2l dy
)1
2
≤
(∫
|Llbν(x, ξ, h)|2 dξ
) 1
2
(2.3.3)
≤ h−m−2l(1−̺)+n−14 .
Moreover, any positive real number l which is not an integer can be written
as [l] + {l} where [l] denotes the integer part of l and {l} its fractional
48 DAVID DOS SANTOS FERREIRA AND WOLFGANG STAUBACH
part, which is 0 < {l} < 1. Therefore, Ho¨lder’s inequality with conjugate
exponents 1{l} and
1
1−{l} yields∫
|b̂ν(x, y, h)|2(1 + g(y))2l dy
=
∫
|b̂ν |2{l} |b̂ν |2(1−{l})(1 + g(y))2{l}([l]+1) (1 + g(y))2[l](1−{l}) dy
≤
(∫
|b̂ν |2(1 + g(y))2([l]+1) dy
){l}(∫
|b̂ν |2(1 + g(y))2[l] dy
)1−{l}
.
Therefore, using (2.3.3) we obtain(∫
|b̂ν(x, y, h)|2(1 + g(y))2l dy
)1
2
≤
(∫
|L[l]+1bν(x, ξ, h)|2 dξ
) {l}
2
(∫
|L[l]bν(x, ξ, h)|2 dξ
)1−{l}
2
≤ h{l}(−m−2([l]+1)(1−̺)+n−14 )h(1−{l})(−m−2[l](1−̺)+n−14 )
≤ h−m−2l(1−̺)+n−14 ,
and hence (2.3.3) is actually valid for all non-negative real numbers l. Turn-
ing now to the estimates for I2, we use the same tools as in the case of I1
and (2.3.3) for l ∈ [0,∞). This yields for any l > n4
I2 ≤
{∫
√
g(y)>h̺
(1 + g(y))−2l dy
} 1
2
×
{∫
|b̂ν(x, y, h)|2(1 + g(y))2l dy
} 1
2
. h
n+1
4
{∫
|y|>h̺
|y|−4l dy
}1
2
h−m−2l(1−̺)+
n−1
4
. h
n+1
4 h̺(
n
2
−2l)h−m−2l(1−̺)+
n−1
4 . h
n
2 h−m+
n̺
2
−2l.
Therefore
sup
x
∫
|T νh (x, y)|dy ≤ Clh−m+
n̺
2
−2l(2.3.4)
and summing in ν yields
‖Thu‖L∞ ≤
J∑
ν=1
‖T νh u‖L∞ ≤ Clh−m+
n̺
2
−2l−n−1
2 ‖u‖L∞ ,
since J is bounded (from above and below) by a constant times h−
n−1
2 . By
Lemma 1.2.1 one has
‖Tu‖L∞ . ‖u‖L∞
provided m < −n−12 + n̺2 − 2l and l > n4 , i.e. if m < −n−12 + n2 (̺− 1). This
completes the proof of Theorem 2.3.1. 
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2.4. Global Lp-Lp and Lp-Lq boundedness of Fourier integral opera-
tors. In this section we shall state and prove our main boundedness results
for Fourier integral operators. Here, we prove results both for smooth and
rough operators with phases satisfying various non-degeneracy conditions.
As a first step, interpolation yields the following global Lp results:
Theorem 2.4.1. Let T be a Fourier integral operator given by (0.0.1) with
amplitude a ∈ Sm̺,δ, 0 ≤ ̺ ≤ 1, 0 ≤ δ ≤ 1, and a phase function ϕ(x, ξ) ∈ Φ2
satisfying the strong non-degeneracy condition. Setting λ := min(0, n(̺−δ)),
suppose that either of the following conditions hold:
(a) 1 ≤ p ≤ 2 and
m < n(̺− 1)
(
2
p
− 1
)
+
(
n− 1)(1
2
− 1
p
)
+ λ
(
1− 1
p
)
;
or
(b) 2 ≤ p ≤ ∞ and
m < n(̺− 1)
(
1
2
− 1
p
)
+ (n− 1)
(
1
p
− 1
2
)
+
λ
p
;
or
(c) p = 2, 0 ≤ ̺ ≤ 1, 0 ≤ δ < 1, and
m =
λ
2
.
Then there exists a constant C > 0 such that ‖Tu‖Lp ≤ C‖u‖Lp .
Proof. The proof is a direct consequence of interpolation of the the L1
boundedness result of Theorem 2.1.1 with the L2 boundedness of Theo-
rem 2.2.6 on one hand, and the interpolation of the latter with the L∞
boundedness result of Theorem 2.3.1. The details are left to the reader. 
Theorem 2.4.2. Let T be a Fourier integral operator given by (0.0.1) with
amplitude a ∈ L∞Sm̺ , 0 ≤ ̺ ≤ 1 and a strongly non-degenerate phase func-
tion ϕ(x, ξ) ∈ Φ2. Suppose that either of the following conditions hold:
(a) 1 ≤ p ≤ 2 and
m <
n
p
(̺− 1) + (n− 1)(1
2
− 1
p
)
;
or
(b) 2 ≤ p ≤ ∞ and
m <
n
2
(̺− 1) + (n− 1)
(
1
p
− 1
2
)
.
Then there exists a constant C > 0 such that ‖Tu‖Lp ≤ C‖u‖Lp .
Proof. The proof follows once again from interpolation of the L1 bound-
edness result of Theorem 2.1.1 with the L2 boundedness of Theorem 2.2.1
on one hand, and the interpolation of the latter with the L∞ boundedness
result of Theorem 2.3.1. 
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As an immediate consequence of the theorem above one has
Corollary 2.4.3. For a Fourier integral operator T with amplitude a ∈
L∞Sm1 and a strongly non-degenerate phase function ϕ(x, ξ) ∈ Φ2, one has
Lp boundedness for p ∈ [1,∞] provided m < −(n− 1)|1p − 12 |.
Using Sobolev embedding theorem one can also show the following Lp−Lq
estimates for rough Fourier integral operators.
Theorem 2.4.4. Suppose that
(1) T is a Fourier integral operator with an amplitude a ∈ Sm̺,δ, 0 ≤
̺ ≤ 1, 0 ≤ δ ≤ 1 and a strongly non-degenerate phase function
ϕ(x, ξ) ∈ Φ2, with either of the following conditions:
(a) 1 ≤ p ≤ q ≤ 2 and
m < n(̺− 1)
(
2
q
− 1
)
− (n− 1)
(
1
p
− 1
2
)
+ λ
(
1− 1
q
)
+
1
q
− 1
p
;
or
(b) 2 ≤ p ≤ q ≤ ∞ and
m < n(̺− 1)
(
1
2
− 1
q
)
+ (n− 1)
(
2
q
− 1
p
− 1
2
)
+
λ
q
+
1
q
− 1
p
.
(2) T is a Fourier integral operator with an amplitude a ∈ L∞Sm̺ , 0 ≤
̺ ≤ 1 and a strongly non-degenerate phase function ϕ(x, ξ) ∈ Φ2,
with either of the following conditions:
(a) 1 ≤ p ≤ q ≤ 2 and
m <
n
q
(̺− 1)− (n− 1)
(
1
p
− 1
2
)
+
1
q
− 1
p
;
or
(b) 2 ≤ p ≤ q ≤ ∞ and
m <
n
2
(̺− 1) + (n− 1)
(
2
q
− 1
p
− 1
2
)
+
1
q
− 1
p
.
Then there exists a constant C > 0 such that ‖Tu‖Lq ≤ C‖u‖Lp .
Proof. We give the details of the proof only for (1) (a). The rest of the proof
is similar to that of (1)(a), through the use of Theorem 2.4.1 part (b) or
Theorem 2.4.2. Conditionm < n(̺−1)(2q−1)−(n−1)(1p− 12)+λ(1− 1q )+ 1q− 1p
yields the existence of of a real number s with
(2.4.1) n
(
1
p
− 1
q
)
≤ s < n(̺−1)
(
2
q
−1
)
+
(
n−1)(1
2
− 1
q
)
+λ
(
1− 1
q
)
−m.
Therefore writing T = T (1 − ∆) s2 (1 − ∆)− s2 , Leibniz rule reveals that the
amplitude of T (1−∆) s2 belongs to L∞Sm+s̺ and since
m+ s < n(̺− 1)
(
2
q
− 1
)
+
(
n− 1)(1
2
− 1
q
)
+ λ
(
1− 1
q
)
,
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Theorem 2.4.1 part (a) yields
‖Tu‖Lq = ‖T (1−∆)
s
2 (1−∆)− s2u‖Lq . ‖(1−∆)−
s
2u‖Lq . ‖u‖Lp ,
where the very last estimate is a direct consequence of (2.4.1) and the
Sobolev embedding theorem. Hence ‖Tu‖Lq . ‖u‖Lp for the above ranges
of p, q and m, and the proof is complete. 
Chapter 3. Global and local weighted Lp boundedness of
Fourier integral operators
The purpose of this chapter is to establish boundedness results for a fairly
wide class of Fourier integral operators on weighted Lp spaces with weights
belonging to Muckenhoupt’s Ap class. We also prove these results for Fourier
integral operators whose phase functions and amplitudes are only bounded
and measurable in the spatial variables and exhibit suitable symbol type
behavior in the frequency variable. We will start by recalling some facts
from the theory of Ap weights which will be needed in this section. There-
after we prove a couple of uniform stationary phase estimates for oscillatory
integrals and then proceed with the weighted boundedness for the low fre-
quency portions of Fourier integral operators. Before proceeding with our
claims about the weighted boundedness of the high frequency part of Fourier
integral operators, a discussion of a counterexample leads us to a rank con-
dition on the phase function ϕ(x, ξ) which is crucial for the validity of the
weighted boundedness (with Ap weights) of Fourier integral operators. Us-
ing interpolation and extrapolation, we can prove an endpoint weighted Lp
boundedness theorem for operators within a specific class of amplitudes and
all Ap weights, which is shown to be sharp in a case of particular interest
and can also be invariantly formulated in the local case. Finally we show
the Lp boundedness of a much wider class of operators for some subclasses
of the Ap weights.
3.1. Tools in proving weighted boundedness. The following results are
well-known and can be found in their order of appearance in [13], [22] and
[36].
Theorem 3.1.1. Suppose p > 1 and w ∈ Ap. There exists an exponent
q < p, which depends only on p and [w]Ap , such that w ∈ Aq. There exists
ε > 0, which depends only on p and [w]Ap , such that w
1+ε ∈ Ap.
Theorem 3.1.2. For 1 < q < ∞, the Hardy-Littlewood maximal operator
is bounded on Lqw if and only if w ∈ Aq. Consequently, for 1 ≤ p <∞, Mp
is bounded on Lpw if and only if w ∈ Aq/p
Theorem 3.1.3. Suppose that ϕ : Rn → R is integrable non-increasing and
radial. Then, for u ∈ L1, we have∫
ϕ(y)u(x− y) dy ≤ ‖ϕ‖L1Mu(x)
for all x ∈ Rn.
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The following result of J.Rubio de Francia is also basic in the context of
weighted norm inequalities.
Theorem 3.1.4 (Extrapolation Theorem). If ‖Tu‖Lp0w ≤ C‖u‖Lp0w for some
fixed p0 ∈ (1,∞) and all w ∈ Ap0, then one has in fact ‖Tu‖Lpw ≤ C‖u‖Lpw
for all p ∈ (1,∞) and w ∈ Ap.
3.1.1. A pointwise uniform bound on oscillatory integrals. Before we proceed
with the main estimates we would need a stationary-phase estimate which
will enable us to control certain integrals depending on various parameters
uniformly with respect to those parameters. Here and in the sequel we
denote the Hessian in ξ of the phase function ϕ(x, ξ) by ∂2ξξϕ(x, ξ).
Lemma 3.1.5. For λ ≥ 1, let aλ(x, ξ) ∈ L∞S00 with seminorms that are
uniform in λ and let suppξ aλ(x, ξ) ⊂ B(0, λµ) for some µ ≥ 0. Assume
that ϕ(x, ξ) ∈ L∞S00 and |det ∂2ξξϕ(x, ξ)| ≥ c > 0 for all (x, ξ) ∈ suppaλ.
Then one has
(3.1.1) sup
x∈Rn
∣∣∣ ∫ eiλϕ(x,ξ) aλ(x, ξ) dξ∣∣∣ . λnµ−n2
Proof. We start with the case µ = 0. The matrix inequality ‖A−1‖ ≤
Cn|detA|−1‖A‖n−1 with A = ∂2ξξϕ(x, ξ) and the assumptions on ϕ, yield
the uniform bound (in x and ξ)
(3.1.2)
∥∥[∂2ξξϕ(x, ξ)]−1∥∥ ≤ Cn|det ∂2ξξϕ(x, ξ)|−1∥∥∂2ξξϕ(x, ξ)∥∥n−1 . 1.
Looking at the map κx : ξ 7→ ∇ξϕ(x, ξ), we observe thatDκx(ξ) = ∂2ξξϕ(x, ξ),
where Dκx(ξ) denotes the Jacobian matrix of the map κx, and that κx is a
diffeomorphism due to the condition on ϕ in the lemma. Therefore
Dκ−1x (ξ˜) =
[
∂2ξξϕ(x, κ
−1
x (ξ˜))
]−1
,
which using (3.1.2) yields uniform bounds for ‖Dκ−1x (ξ˜)‖, hence
|κ−1x (ξ˜)− κ−1x (η˜)| ≤
∥∥Dκ−1x ∥∥× |ξ˜ − η˜| . |ξ˜ − η˜|.
This applied to ξ˜ = κx(ξ), η˜ = κx(η) implies that
|ξ − η| . |κx(ξ)− κx(η)| = |∇ξϕ(x, ξ) −∇ξϕ(x, η)|.(3.1.3)
We set
I(λ, x) :=
∫
eiλϕ(x,ξ) aλ(x, ξ) dξ
and compute
|I(λ, x)|2 =
∫∫
eiλ(ϕ(x,ξ)−ϕ(x,ξ+η)) aλ(x, ξ) aλ(x, ξ + η) dξ dη.
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We decompose the integral in η into two integrals, one on |η| ≤ δ and the
other on |η| > δ, and this yields the estimate
|I(λ, x)|2 .
δn +
∫ ∞
δ
∫
Sn−1
∣∣∣∣ ∫ eiλr ϕ(x,ξ)−ϕ(x,ξ+rθ)r aλ(x, ξ) aλ(x, ξ + rθ) dξ∣∣∣∣dθ rn−1dr.
Using the uniform lower bound on the gradient of the phase in (3.1.3), we
get the uniform lower bound∣∣∣∣∇ξϕ(x, ξ) −∇ξϕ(x, ξ + rθ)r
∣∣∣∣ & 1.
Therefore, applying the non-stationary phase estimate of [18, Theorem 7.7.1]
to the right-hand side integral yields
|I(λ, x)|2 . δn + λ−n−1
∫ ∞
δ
r−n−1 rn−1dr
. δn + δ−1λ−n−1.
We now optimize this estimate by choosing δ = λ−1 and obtain the bound
|I(λ, x)| ≤ Cλ−n2 ,
with a constant uniform in x.
In the case µ > 0, we cover the ball B(0, λµ) with balls of radius 1 and in
doing that, one would need O(λnµ) balls of unit radius. This will obviously
provide a covering of the ξ support of aλ with balls of radius 1 and we take
a finite smooth partition of unity θj(ξ), j = 1, . . . , O(λ
nµ), subordinate to
this covering with |∂αξ θj| ≤ Cα. Now by the first part of this proof we have
(3.1.4)
∣∣∣ ∫ eiλϕ(x,ξ) aλ(x, ξ) θj(ξ) dξ∣∣∣ ≤ Cλ−n2
with a constant that is uniform in x and j. Finally summing in j and
remembering that there are roughly O(λnµ) terms involved yields the desired
estimate. 
3.1.2. Weighted local and global low frequency estimates. For the low fre-
quency portion of the Fourier integral operators studied in this section we
are once again able to handle the Lp boundedness for all p ∈ [1,∞], using
Lemma 1.2.10 and imposing suitable conditions on the phases.
Proposition 3.1.6. Let ̺ ∈ [0, 1] and suppose either:
(a) a(x, ξ) ∈ L∞Sm̺ is compactly supported in the x variable, m ∈ R
and ϕ(x, ξ) ∈ L∞Φ1; or
(b) a(x, ξ) ∈ L∞Sm̺ , m ∈ R and ϕ(x, ξ)− 〈x, ξ〉 ∈ L∞Φ1
Then for all χ0(ξ) ∈ C∞0 supported near the origin, the Fourier integral
operator
T0u(x) =
1
(2π)n
∫
a(x, ξ)χ0(ξ) e
iϕ(x,ξ) û(ξ) dξ
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is bounded on Lpw for 1 < p <∞ and all w ∈ Ap.
Proof. (a) The operator T0 can be written as T0u(x) =
∫
K0(x, y)u(x−y) dy
with
K0(x, y) =
1
(2π)n
∫
eiψ(x,ξ)−i〈y,ξ〉χ0(ξ) a(x, ξ) dξ,
where ψ(x, ξ) := ϕ(x, ξ) − 〈x, ξ〉 satisfies the estimate
sup
|ξ|6=0
|ξ|−1+|α||∂αξ ψ(x, ξ)| ≤ Cα,
for |α| ≥ 1, on support of the amplitude a. Therefore setting b(x, ξ) :=
a(x, ξ)χ0(ξ)e
iψ(x,ξ) we have that b is bounded and
sup
|ξ|6=0
|ξ|−1+|α||∂αξ b(x, ξ)| <∞,
for |α| ≥ 1 uniformly in x and using Lemma 1.2.10, we have for all µ ∈ [0, 1)
(3.1.5) |K l0(x, y)| ≤ Cl〈y〉−n−µ,
for all x. From this and Theorem 3.1.3, it follows that |T0u(x)| . Mu(x)
and Theorem 3.1.2 yields the Lpw boundedness of T0.
(b) The only difference from the local case, is that instead of the assumption
of compact support in x, the assumption ϕ(x, ξ)−〈x, ξ〉 ∈ L∞Φ1 yields that
b(x, ξ) in the previous proof satisfies the very same estimate, whereupon the
same argument will conclude the proof.

3.2. Counterexamples in the context of weighted boundedness.
The following counterexample going back to [24], shows that for smooth
Fourier integral operators (smooth phases and well as amplitudes), the non-
degeneracy of the phase function i.e. the non-vanishing of the determinant of
the mixed hessian of the phase, is not enough to yield weighted Lp bound-
edness, unless one is prepared to loose a rather unreasonable amount of
derivatives.
Counterexample 1. Let ϕ(x, ξ) = 〈x, ξ〉+ ξ1 which is non-degenerate but
rank ∂2ξξϕ = 0,
and let a(x, ξ) = 〈ξ〉m with −n < m < 0. Then it has been shown in [40]
that for 1 < p < ∞ there exists w ∈ Ap and f ∈ Lpw such that the Fourier
integral operator Tu(x) = (2π)−n
∫
ei〈x,ξ〉+iξ1〈ξ〉mû(ξ) dξ, does not belong
to Lpw.
However, as the following proposition shows, even with a phase of the
type above, one can prove weighted Lp boundedness provided certain (com-
paratively large) loss of derivatives.
Proposition 3.2.1. Let a(x, ξ) ∈ L∞Sm1 , m ≤ −n and ϕ(x, ξ) − 〈x, ξ〉 ∈
L∞Φ1. Then Ta,ϕu(x) :=
∫
eiϕ(x,ξ)σ(x, ξ)û(ξ) dξ is bounded on Lpw for w ∈
Ap and 1 < p <∞. This result is sharp.
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Proof. For the low frequency part of the Fourier integral operator we could
for example use Proposition 3.1.6. For the high frequency part we may
assume that a(x, ξ) = 0 when ξ is in a neighborhood of the origin. The proof
in the case m < −n can be done by a simple integration by parts argument
in the integral defining the Schwartz kernel of the operator. Hence the main
point of the proof is to deal with the case m = −n. Now the Fourier integral
operator Ta,ϕ can be written as
(3.2.1) Ta,ϕu(x) =
∫
eiϕ(x,ξ)a(x, ξ)û(ξ) dξ =
∫
σ(x, ξ)ei〈x,ξ〉û(ξ) dξ
with σ(x, ξ) = a(x, ξ)ei(ϕ(x,ξ)−〈x,ξ〉) and we can assume that σ(x, ξ) = 0 in a
neighborhood of the origin. Therefore, since we have assumed that ϕ(x, ξ)−
〈x, ξ〉 ∈ L∞Φ1, the operator Ta,ϕ = σ(x,D) is a pseudo-pseudodifferential
operator in the sense of [23], belonging to the class OPL∞S−n0 . We use the
Littlewood-Paley partition of unity and decompose the symbol as
σ(x, ξ) =
∞∑
k=1
σk(x, ξ)
with σk(x, ξ) = σ(x, ξ)ϕk(ξ), k ≥ 1. We have
σk(x,D)(u)(x) =
1
(2π)n
∫
σk(x, ξ)û(ξ)e
i〈x,ξ〉 dξ
for k ≥ 1. We note that σk(x,D)u(x) can be written as
σk(x,D)u(x) =
∫
Kk(x, y)u(x− y) dy
with
Kk(x, y) =
1
(2π)n
∫
σk(x, ξ)e
i〈y,ξ〉 dξ = σˇk(x, y),
where σˇk here denotes the inverse Fourier transform of σk(x, ξ) with respect
to ξ. One observes that
|σk(x,D)u(x)|p =
∣∣∣ ∫ Kk(x, y)u(x − y) dy∣∣∣p
=
∣∣∣ ∫ Kk(x, y)ω(y) 1
ω(y)
u(x− y) dy
∣∣∣p,
with weight functions ω(y) which will be chosen momentarily. Therefore,
Ho¨lder’s inequality yields
(3.2.2)
|σk(x,D)u(x)|p ≤
{∫
|Kk(x, y)|p′ |ω(y)|p′ dy
} p
p′
{∫ |u(x− y)|p
|ω(y)|p dy
}
,
where 1p +
1
p′ = 1. Now for an l >
n
p , we define ω by
ω(y) =
{
1, |y| ≤ 1;
|y|l, |y| > 1.
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By Hausdorff-Young’s theorem and the symbol estimate, first for α = 0 and
then for |α| = l, we have∫
|Kk(x, y)|p′ dy ≤
{∫
|σk(x, ξ)|p dξ
} p′
p
.
{∫
|ξ|∼2k
2−npk dξ
} p′
p
(3.2.3)
. 2kp
′(n
p
−n),
and ∫
|Kk(x, y)|p′ |y|p′l dy .
{∫
|∇lξσk(x, ξ)|p dξ
} p′
p
(3.2.4)
.
{∫
|ξ|∼2k
2−kpn dξ
} p′
p
. 2kp
′(n
p
−n).
Hence, splitting the integral into |y| ≤ 1 and , |y| > 1 yields{∫
|Kk(x, y)|p′ |ω(y)|p′ dy
} p
p′
.
{
2kp
′(n
p
−n)} pp′ = 2kp(np−n).
Furthermore, using Theorem 3.1.3 we have∫ |u(x− y)|p
|ω(y)|p dy .
(
Mpu(x)
)p
with a constant that only depends on the dimension n. Thus (3.2.2) yields
(3.2.5) |σk(x,D)u(x)|p . 2k(
n
p
−n)(
Mpu(x)
)p
Summing in k using (3.2.5) we obtain
|Ta,ϕu(x)| = |σ(x,D)u(x)| .
{ ∞∑
k=1
|σk(x,D)u(x)|p
} 1
p
.
(
Mpu(x)
)( ∞∑
k=1
2
k(n
p
−n)
) 1
p
We observe that the series above converges for any p > 1 and therefore an
application of Theorem 3.1.2 ends the proof. The sharpness of the result
follows from the Counterexample 1. 
The above discussion suggests that without further conditions on the
phase, which as it will turn out amounts to a rank condition, the weighted
norm inequalities of the type considered in this paper will be false. The
following counterexample shows that, even if the phase function satisfies
an appropriate rank condition, there is a critical threshold on the loss of
derivatives, below which the weighted norm inequalities will fail.
Counterexample 2. We consider the following operator
Tm = e
i|D|〈D〉m
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and the following functions
wb(x) = |x|−b, fµ(x) =
∫
e−i|ξ|+ix·ξ〈ξ〉−µ dξ.
As was mentioned in Example 1 in Chapter 1, wb ∈ A1 if 0 ≤ b < n, from
which it also follows that w := wbχ|x|<2 ∈ A1 for 0 ≤ b < n, were χA denotes
the characteristic function of the set A. Now if µ < m + n then we claim
that |Tmfµ(x)| ≥ Cmµ|x|µ−m−n on |x| ≤ 2. Indeed, we have
Tmfµ(x) =
∫
eix·ξ〈ξ〉m−µ dξ
which is a radial function equal to
|Sn−1| |x|µ−m−n
∫ ∞
0
d̂ω(r)
(|x|2 + r2)m−µ2 rn−1 dr.
If we denote by gµm the function given by the integral, and take a dyadic
partition of unity 1 = ψ0 +
∑∞
j=1 ψ(2
−j ·) then
gµm(s) =
∫ 2
0
d̂ω(r)(s2 + r2)
m−µ
2 rn−1ψ0(r) dr
+
∞∑
j=1
2jn
∫ ∞
0
d̂ω(2jr)(s2 + 22jr2)
m−µ
2 rn−1ψ(r) dr.
The first term is continuous if m− µ+ n > 0 and writing down the integral
representing d̂ω(2jr) and integrating by parts yields that the series in the
second term of gµm is a smooth function of s. Moreover
gµm(0) =
∫
ei〈ξ,e1〉|ξ|m−µ dξ = Cn|e1|−n−m+µ 6= 0,
since the inverse Fourier transform of a radial homogeneous distribution of
degree α is a radial homogeneous distribution of order −n− α. This proves
the claim. From this claim it follows that∫
|Tmfµ|pw dx ≥ Cµm
∫
|x|≤2
|x|(µ−m−n)p−b dx,
and therefore Tmfµ /∈ Lpw if (µ −m− n)p− b ≤ −n.
Now, we also have |fµ(x)| ≤ Aµ
∣∣1 − |x|∣∣µ−n+12 + Bµ on |x| ≤ 2. This is
because the function fµ is radial
fµ(x) = |Sn−1|
∫ ∞
0
d̂ω(r|x|)e−ir(1 + r2)µ2 rn−1 dr
and using the information on the Fourier transform of the measure of the
sphere,
fµ(x) = |Sn−1|
∑
±
∫ ∞
0
e−ir(1±|x|)a±(r|x|)(1 + r2)
µ
2 rn−1 dr(3.2.6)
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where
|∂αa±(r)| ≤ Cα〈r〉−
n−1
2
−α.
We now use a dyadic partition of unity 1 = ψ0+
∑∞
k=1 ψ(2
−k·) on the integral
and obtain a sum of terms of the form
2kn
∫ ∞
0
e−2
kir(1±|x|) a±(2kr|x|)ψ(r)(1 + 22kr2)
µ
2 rn−1︸ ︷︷ ︸
=b±k (r,|x|)
dr
with
|∂αr b±k (r, |x|)| ≤ Cα2−(
n−1
2
−µ+α)k.
Integration by parts yields
|fµ| ≤ C1 + C2
∑
2k|1−|x||≤1
2−(
n+1
2
−µ)k + C3
∑
2k|1−|x||>1
2−(
n+1
2
−µ+N)k∣∣1− |x|∣∣−N
≤ C1 + C ′2
∣∣1− |x|∣∣µ−n+12 .
Hence one has∫
|fµ|pw dx ≤ Aµ
∫
|x|≤2
∣∣1− |x|∣∣µp−n+12 p|x|−b dx+Bµ ∫
|x|≤2
|x|−b dx,
which in turn yields fµ ∈ Lpw if µ > n+12 − 1p and 0 ≤ b < n. From the
estimates above it follows that if 1 < p <∞ and Tm is bounded on Lpw then
m ≤ −n− 1
2
− 1
p
.(3.2.7)
Indeed if Tm is bounded on L
p
w then we have
−m > b− n
p
+ n− µ
for all 0 ≤ b < n and all µ > n+12 − 1p . Letting µ tend to n+12 − 1p we obtain
m ≤ −b− n
p
− n− 1
2
− 1
p
for all 0 ≤ b < n, and letting b tend to n yields (3.2.7).
Now by Theorem 3.1.4 if Tm is bounded on L
q
w for a fixed q > 1 and for all
w ∈ Aq, then by extrapolation it is bounded on all Lpw for all w ∈ Ap and all
1 < p < ∞, therefore since w ∈ A1 ⊂ Ap, we conclude that Tm is bounded
on Lpw for all 1 < p <∞, which implies that m has to satisfy the inequality
m ≤ −n− 1
2
− 1
p
,
for all 1 < p <∞. Letting p tend to 1, we obtain
m ≤ −n+ 1
2
,
which is the desired critical threshold for the validity of the weighted Lp
boundedness of the class of Fourier integral operators under consideration
in this paper.
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We end up with an example showing that in the most general situation
one cannot expect global Lp weighted estimates unless the phase satisfies
some slightly stronger property than a rank condition.
Counterexample 3. Let B be the unit ball in Rn, we consider the operator
Tu(x) = (1B ∗ u)(2x)
and suppose that this operator is bounded on Lpw with bound Cp = C
(
[w]Ap
)
only depending on [w]Ap
‖Tu‖Lpw ≤ Cp‖u‖Lpw , u ∈ S (Rn).
Note that the Ap-constant [w]Ap is scale invariant. If we apply the estimate
to the function u(ε·) and the weight w(ε·) and scale it, we obtain
‖Tεu‖Lpw ≤ Cp‖u‖Lpw , u ∈ S (Rn)
with Tεu = ε
−n(1εB ∗ u)(2x). Since Tεu tends to u(2x) in Lpw, by letting ε
tend to 0 we deduce from the former
‖u(2 · )‖Lpw ≤ Cp‖u‖Lpw , u ∈ S (Rn).
After a change of variable, this would imply
2−n
∫
|u(x)|pw(x/2) dx ≤ Cpp
∫
|u(x)|pw(x) dx
for all u ∈ S (Rn), hence
w(x/2) ≤ Cpp2nw(x).
This means that one can expect weighted Lp estimates for T only if w
satisfies a doubling property. Note that T can be written as a sum of Fourier
integral operators with amplitudes in S
−n+1
2
1,0 with phases of the form
ϕ± = 2〈x, ξ〉 ± |ξ|
which satisfy a rank condition. Nevertheless, one has
ϕ± − 〈x, ξ〉 /∈ L∞Φ1.
In particular, one cannot generally expect global weighted estimate for
Fourier integral operators with phases such that ϕ − 〈x, ξ〉 /∈ L∞Φ1 unless
the weight satisfies some doubling property.
3.3. Invariant formulation in the local boundedness. The aim of this
section is to give an invariant formulation of the rank condition on the
phase function, which will be used to prove our weighted norm inequalities
for Fourier integral operators. In Counterexample 1 we saw that a rank
condition is necessary for the validity of weighted Lp estimates. The fol-
lowing discussion will enable us to give an invariant formulation of the local
weighted norm inequalities for operators with amplitudes in S
−(n+1)
2
̺+n(̺−1)
̺,1−̺ ,
̺ ∈ [12 , 1]. We refer the reader to [20] for the properties of Fourier integral
60 DAVID DOS SANTOS FERREIRA AND WOLFGANG STAUBACH
operators with amplitudes in Sm̺,1−̺, ̺ ∈ (12 , 1] and the paper by A. Greenleaf
and G. Uhlmann for the case when ̺ = 12 .
The central object in the theory of Fourier integral operators is the canon-
ical relation
Cϕ =
{
(x, ∂xϕ(x, ξ), ∂ξϕ(x, ξ), ξ) : (x, ξ) ∈ suppa
}
in T ∗Rn×T ∗Rn. We consider the following projection on the space variables
Cϕ ⊂ T ∗Rnx × T ∗Rny ≃ T ∗(R2nx,y)
π0

π0(C) ⊂ R2nxy
with
π0(x, ξ, y, η) = (x, y).
The differential of this projection is given by
dπ0(tx, tξ, ty, tη) = (tx, ty), tξ = ∂
2
xxϕ tx + ∂
2
xξϕ tη
ty = ∂
2
ξxϕ tx + ∂
2
ξξϕ tη
so that its kernel is given by{
(0, ∂2xξϕ tη, 0, tη) : tη ∈ ker ∂2ξξϕ
}
This implies
rank dπ0 = codimker dπ0 = codimker ∂
2
ξξϕ = n+ rank ∂
2
ξξϕ.
Our assumption on the phase rank ∂2ξξϕ = n−1 can be invariantly formulated
as
rank dπ0 = 2n− 1.
Using these facts, we will later on be able to show that if T is a Fourier
integral operator with amplitude in S
−n+1
2
̺+n(̺−1)
̺,1−̺ with ̺ ∈ [12 , 1] whose
canonical relation C is locally the graph of a symplectomorphism, and if
rank dπ0 = 2n− 1
everywhere on C, with π0 : C → R2n defined by π0(x, ξ, y, η) = (x, η), then
there exists a constant C > 0 such that
‖Tu‖Lpw,loc ≤ ‖u‖Lpw,comp
for all w ∈ Ap and all 1 < p < ∞. However, we will actually prove
local weighted Lp boundedness of operators with amplitudes in the class
L∞S
−n+1
2
̺+n(̺−1)
̺ with ̺ ∈ [0, 1] for which the invariant formulation above
lacks meaning, and therefore to keep the presentation of the statements as
simple as possible, we will not always (with the exception of Theorem 3.4.5)
state the local boundedness theorems in an invariant form.
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3.4. Weighted local and global Lp boundedness of Fourier integral
operators. We start this by showing the local weighted Lp boundedness
of Fourier integral operators. In Counterexample 1 which was related to
Fourier integral operators with linear phases, the Hessian in the frequency
variable ξ of the phase function vanishes identically. This suggests that
some kind of condition on the Hessian of the phase might be required. It
turns out that the condition we need can be formulated in terms of the rank
of the Hessian of the phase function in the frequency variable. Further-
more Counterexample 2 which was related to the wave operator, suggests a
condition on the order of the amplitudes involved. It turns out that these
conditions, appropriately formulated, will indeed yield weighted bounded-
ness of a wide range of Fourier integral operators even having rough phases
and amplitudes.
Theorem 3.4.1. Let a(x, ξ) ∈ L∞Sm̺ with m < −n+12 ̺ + n(̺ − 1) and
̺ ∈ [0, 1] be compactly supported in the x variable. Let the phase function
ϕ(x, ξ) ∈ C∞(R×R\0) homogeneous of degree 1 in ξ satisfy rank∂2ξξϕ(x, ξ) =
n − 1. Then the corresponding Fourier integral operator is Lpw bounded for
1 < p <∞ and all w ∈ Ap.
Proof. The low frequency part of the Fourier integral operator is handled
by Proposition 3.1.6 part (a). For the high frequency portion, once again
we use a Littlewood-Paley decomposition in the frequency variables as in
Subsection 1.2.1 to reduce the operator to its semiclassical piece
Thu(x) = (2π)
−n
∫∫
ei(ϕ(x,ξ)−〈y,ξ〉) χ(hξ) a(x, ξ)u(y) dy dξ
with χ(ξ) smooth and supported in the annulus 12 ≤ |ξ| ≤ 2. Now if we let
θ(x, ξ) := ϕ(x, ξ) − 〈x, ξ〉, then we have
(3.4.1) |∇ξθ| . 1
on the support of a. Furthermore, if
(3.4.2) Th(x, y) = (2π)
−n
∫
ei(θ(x,ξ)−〈y,ξ〉) χ(hξ)a
(
x, ξ
)
dξ,
then in order to get useful pointwise estimates for the operator Th we would
need to estimate the kernel Th(x, y). Localising in frequency and rotating
the coordinates we may assume that a(x, ξ) is supported in a small conic
neighbourhood of a ξ0 = en. At this point we split the modulus of Th into
|Thu(x)| ≤
∫
|y|>1+2‖∇ξθ‖L∞
+
∫
|y|≤1+2‖∇ξθ‖L∞
|Th(x, y)| |u(x − y)|dy
:= I+ II.
where there are obviously no critical points on the domain of integration
for I.
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Estimate of I. Making the change of variables ξ → h−1ξ we obtain
Thu(x) = (2π)
−nh−n
∫∫
eih(θ(x,ξ)−〈y,ξ〉) χ(ξ) a
(
x, ξ/h
)
u(y) dy dξ.
Here, since 2‖∇ξθ‖L∞ < 1 + 2‖∇ξθ‖L∞ < |y|, we have
(3.4.3) |∇ξθ(x, ξ)− y| ≥ |y| − ‖∇ξθ‖L∞ > |y|
2
.
Also, |∂αξ (θ(x, ξ)− 〈y, ξ〉)| ≤ Cα for all |α| ≥ 2 uniformly in x and y. There-
fore using the non-stationary phase estimate in [18] Theorem 7.7.1 to (3.4.2),
the derivative estimates on a(x, ξ/h) and (3.4.3) yield for N > 0
|Th(x, y)| . h−nhN
∑
α≤N
sup
{∣∣∂α(χa(x, ξ/h)∣∣ |∇ξθ(x, ξ)− y||α|−2N}
. h−m−n+N̺|y|−2N . h−m−n+N̺〈y〉−2N ,
where we have used the fact that |y| > 1 in I. Hence taking N > n2 , Theorem
3.1.3 yields
(3.4.4) I . h−m−n+N̺
∫
〈y〉−N |u(x− y)|dy . h−m−n+N̺Mu(x).
Estimate of II. Making a change of variables ξ → h−̺ξ we obtain
Th(x, y) = (2π)
−nh−n̺
∫
eih
−̺(θ(x,ξ)−〈y,ξ〉) χ(h−̺+1ξ) a
(
x, h−̺ξ
)
dξ
:= (2π)−nh−n̺
∫
eih
−̺(ϕ(x,ξ)−〈y,ξ〉) ah
(
x, ξ
)
dξ
where ah(x, ξ) is compactly supported in x, supported in ξ in the annu-
lus 12h
̺−1 ≤ |ξ| ≤ 2h̺−1 and is uniformly bounded together with all its
derivatives in ξ, by h−m. Here the assumption, rank ∂2ξξϕ(x, ξ) = n − 1 for
all ξ, yields that ker ∂2ξξϕ(x, ξ0) = span {ξ0} = span {en}. Therefore by the
definition of θ(x, ξ)
(3.4.5) det ∂2ξ′ξ′θ(x, en) 6= 0.
The assumption that a has its ξ-support in a small conic neighborhood of
en implies that if that support is sufficiently small, then
(3.4.6) |det ∂2ξ′ξ′θ(x, ξ)| ≥ 0, (x, ξ) ∈ suppah.
Finally, due to the restriction 1 + 2‖∇ξθ‖L∞ ≥ |y| and (3.4.1), one has
(3.4.7) |∂αξ (θ(x, ξ)− 〈y, ξ〉)| ≤ Cα
for all |α| ≥ 1 uniformly in x and y.
Hence θ(x, ξ) − 〈y′, ξ′〉 and hmah satisfy all the assumptions of the sta-
tionary phase estimate in Lemma 3.1.5 with λ = h−̺ and λµ = h̺−1, we
obtain ∣∣∣∣ ∫ eih−̺(ϕ(x,ξ)−〈y,ξ〉) ah(x, ξ) dξ′∣∣∣∣ . h−mhn−12 ̺h(n−1)(̺−1)
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and using the fact that the integral in ξn lies on a segment of size h
̺−1, we
get
(3.4.8) |Th(x, y)| . h−n̺h−mh
n−1
2
̺−(1−̺)n . h−m−
n+1
2
̺−(1−̺)n.
This yields that
II . h−m−
n+1
2
̺−(1−̺)n
∫
|y|≤1+2‖∇ξθ‖L∞
|u(x− y)|dy
. h−m−
n+1
2
̺−(1−̺)nMu(x)
Now adding I and II, taking N > n large enough, using Lemma 1.2.1, the
assumption m < −n+12 ̺ + n(̺ − 1) and Theorem 3.1.2, we will obtain the
desired result. 
Here we remark that the condition on the rank of the Hessian on the
metric is quite natural and is satisfied by phases like 〈x, ξ〉+ |ξ| and 〈x, ξ〉+√
|ξ′|2 − |ξ′′|2 where ξ = (ξ′, ξ′′) (with an amplitude supported in |ξ′| > |ξ′′|),
but if we put a slightly stronger condition than the rank condition on the
phase, then it turns out that we would not only be able to extend the local
result to a global one but also lower the regularity assumption on the phase
function to the sole assumption of measurability and boundedness in the
spatial variable x. Therefore the estimates we provide below will aim to
achieve this level of generality. Having the uniform stationary phase above
in our disposal we will proceed with the main high frequency estimates, but
before that let us fix a notation.
Notation. Given an n×nmatrixM , we denote by detn−1M the determinant
of the matrix PMP where P is the projection to the orthogonal complement
of kerM .
Theorem 3.4.2. Let a(x, ξ) ∈ L∞Sm̺ with m < −n+12 ̺ + n(̺ − 1) and
̺ ∈ [0, 1]. Let the phase function ϕ(x, ξ) satisfy |detn−1∂2ξξϕ(x, ξ)| ≥ c >
0. Furthermore, suppose that ϕ(x, ξ) − 〈x, ξ〉 ∈ L∞Φ1 Then the associated
Fourier integral operator is bounded on Lpw, for 1 < p <∞ and w ∈ Ap.
Proof. As before, the low frequency part of the Fourier integral operator is
treated using Proposition 3.1.6 part (b). For the high frequency part we fol-
low the same line of argument as in the proof of Theorem 3.4.1. More specifi-
cally at the level of showing the estimate (3.4.1), the lack of compact support
in x variable lead us to use our assumption ϕ(x, ξ)−〈x, ξ〉 ∈ L∞Φ1 instead,
which yields that ‖∇ξθ(x, ξ)‖L∞ . 1. Splitting the kernel of the Fourier inte-
gral operator into the same pieces I and II as in the proof of Theorem 3.4.1.
We estimate the I piece exactly in the same way as before but for piece II we
proceed as follows. First of all, the assumption |detn−1∂2ξξϕ(x, ξ)| ≥ c > 0
for all (x, ξ), yields in particular that |detn−1(∂2ξξ(θ(x, ξ) − 〈y, ξ〉)| ≥ c > 0.
Due to the restriction 1 + 2‖∇ξθ‖L∞ ≥ |y| and (3.4.1), one also has
|∂αξ (θ(x, ξ)− 〈y, ξ〉)| ≤ Cα
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for all |α| ≥ 1 uniformly in x and y, which yields that θ(x, ξ) − 〈y, ξ〉 ∈
L∞S00 . This means that all the assumptions in Lemma 3.1.5 are satisfied
and therefore we get
II . h−m−
n+1
2
̺−(1−̺)n
×
∫
|y|≤1+2‖∇ξθ‖L∞
|u(x− y)|dy . h−m−n+12 ̺−(1−̺)nMu(x)
Now adding I and II, using Lemma 1.2.1 and the assumptions N > n,
m < −n+12 ̺ + n(̺ − 1) and Theorem 3.1.2 all together yield the desired
result. 
3.4.1. Endpoint weighted boundedness of Fourier integral operators. The Fol-
lowing interpolation lemma is the main tool in proving the endpoint weighted
boundedness of Fourier integral operators.
Lemma 3.4.3. Let 0 ≤ ̺ ≤ 1, 1 < p <∞ and m1 < m2. Suppose that
(a) the Fourier integral operator T with amplitude a(x, ξ) ∈ L∞Sm1̺ and
the phase ϕ(x, ξ) are bounded on Lpw for a fixed w ∈ Ap, and
(b) the Fourier integral operator T with amplitude a(x, ξ) ∈ L∞Sm2̺ and
the same type of phases as in (a) are bounded on Lp,
where the bounds depend only on a finite number of seminorms in Definition
1.1.2. Then, for each m ∈ (m1,m2), operators with amplitudes in L∞Sm̺ are
bounded on Lpwν , and
(3.4.9) ν =
m2 −m
m2 −m1 .
Proof. For a ∈ L∞Sm̺ we introduce a family of amplitudes az(x, ξ) :=
〈ξ〉za(x, ξ), where z ∈ Ω := {z ∈ C; m1 − m ≤ Re z ≤ m2 − m}. It is
easy to see that, for |α| ≤ C1 with C1 large enough and z ∈ Ω,
|∂αξ az(x, ξ)| . (1 + |Im z|)C2〈ξ〉Re z+m−̺|α|,
for some C2. We introduce the operator
Tzu := w
m2−m−z
p(m2−m1)Taz ,ϕ
(
w
− m2−m−z
p(m2−m1)u
)
.
First we consider the case of p ∈ [1, 2]. In this case, Ap ⊂ A2 which in turn
implies that both w
1
p and w−
1
p belong to Lploc and therefore for z ∈ Ω, Tz is
an analytic family of operators in the sense of Stein-Weiss [38]. Now we claim
that for z1 ∈ C with Re z1 = m1 −m, the operator (1 + |Im z1|)−C2Taz1 ,ϕ
is bounded on Lpw with bounds uniform in z1. Indeed the amplitude of this
operator is (1+ |Im z1|)−C2az1(x, ξ) which belongs to L∞Sm1̺ with constants
uniform in z1. Thus, the claim follows from assumption (a). Consequently,
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we have
‖Tz1u‖pLp = (1 + |Im z1|)pC2
∥∥∥(1 + |Im z1|)−C2wm2−m−z1p(m2−m1)Taz1 ,ϕ(w−m2−m−z1p(m2−m1)u)∥∥∥pLp
. (1 + |Im z1|)pC2
∥∥∥w−m2−m−z1p(m2−m1)u∥∥∥p
Lpw
= (1 + |Im z1|)pC2‖u‖pLp ,
where we have used the fact that
∣∣wm2−m−z1(m2−m1) ∣∣ = w.
Similarly if z2 ∈ C with Re z2 = m2 − m, then
∣∣wm2−m−z2(m2−m1) ∣∣ = 1 and
the amplitude of the operator (1 + |Im z2|)−C2Taz2 belongs to L∞Sm2̺ with
constants uniform in z2. Assumption (b) therefore implies that
‖Tz2u‖pLp . (1 + |Im z2|)pC2‖u‖pLp .
Therefore the complex interpolation of operators in [5] implies that for z = 0
we have
‖T0u‖pLp =
∥∥∥w m2−mp(m2−m1)Ta,ϕ(w− m2−mp(m2−m1)u)∥∥∥p
Lp
≤ C‖u‖pLp .
Hence, setting v = w
− m2−m
p(m2−m1)u this reads
(3.4.10) ‖Ta,ϕv‖pLp
wν
≤ C‖u‖p
Lp
wν
,
where ν = (m2−m)/(m2 −m1). This ends the proof in the case 1 ≤ p ≤ 2.
At this point we recall the fact that if a linear operator T is bounded on Lpw,
then its adjoint T ∗ is bounded on Lp
′
w1−p′
. Therefore, in the case p > 2, we
apply the above proof to T ∗a,ϕ, with p′ ∈ [1, 2) and v = w1−p
′
, which yields
that T ∗a,ϕ is bounded on L
p′
vν and since w ∈ Ap, we have v ∈ Ap′ and so Ta
is bounded on Lp
v(1−p)ν
= Lp
w(1−p
′)(1−p)ν
= Lpwν , which concludes the proof of
the theorem. 
Now we are ready to prove our main result concerning weighted bound-
edness of Fourier integral operators. This is done by combining our previous
results with a method based on the properties of the Ap weights and complex
interpolation.
Theorem 3.4.4. Let a(x, ξ) ∈ L∞S−
n+1
2
̺+n(̺−1)
̺ and ̺ ∈ [0, 1]. Suppose
that either
(a) a(x, ξ) is compactly supported in the x variable and the phase func-
tion ϕ(x, ξ) ∈ C∞(Rn×Rn \ 0), is positively homogeneous of degree
1 in ξ and satisfies, det ∂2xξϕ(x, ξ) 6= 0 as well as rank ∂2ξξϕ(x, ξ) =
n− 1; or
(b) ϕ(x, ξ)−〈x, ξ〉 ∈ L∞Φ1, ϕ satisfies the rough non-degeneracy condi-
tion as well as |detn−1∂2ξξϕ(x, ξ)| ≥ c > 0.
Then the operator Ta,ϕ is bounded on L
p
w for p ∈ (1,∞) and all w ∈ Ap.
Furthermore, for ̺ = 1 this result is sharp.
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Proof. The sharpness of this result for ̺ = 1 is already contained in Coun-
terexample 2 discussed above. The key issue in the proof is that both as-
sumptions in the statement of the theorem guarantee the weighted bound-
edness form < −n+12 ̺+n(̺−1). The rest of the argument is rather abstract
and goes as follows. By the extrapolation Theorem 3.1.4, it is enough to
show the boundedness of Ta,ϕ in weighted L
2 spaces with weights in the
class A2. Let us fix m2 such that −n+12 ̺ + n(̺ − 1) < m2 < n2 (̺ − 1).
By Theorem 3.1.1, given w ∈ A2 choose ε such that w1+ε ∈ A2. For this
ε take m1 < −n+12 ̺ + n(̺ − 1) in such a way that the straight line L
that joins points with coordinates (m1, 1 + ε) and (m2, 0), intersects the
line x = −n+12 ̺ + n(̺ − 1) in the (x, y) plane in a point with coordinates
(−n+12 ̺+n(̺−1), 1). Clearly this procedure is possible due to the fact that
we can choose the point m1 on the negative x axis as close as we like to the
point −n+12 ̺+n(̺−1). By Theorem 3.4.1, given ϕ(x, ξ) ∈ C∞(Rn×Rn\0),
positively homogeneous of degree 1 in ξ, satisfying rank∂2ξξϕ(x, ξ) = n− 1,
and a ∈ L∞Sm1̺ , the Fourier integral operators Ta,ϕ are bounded opera-
tors on L2w1+ε for w ∈ A2 and, by Theorem 2.2.1, or rather its proof, the
Fourier integral operators with amplitudes in L∞Sm2̺ compactly supported
in the spatial variable, and phases that are positively homogeneous of de-
gree 1 in the frequency variable and satisfying the non-degeneracy condition
det ∂2xξϕ(x, ξ) 6= 0, are bounded on L2. Therefore, by Lemma 3.4.3, the
Fourier integral operators Ta,ϕ with phases and amplitudes as in the state-
ment of the theorem are bounded operators on L2w. The proof of part (b) is
similar and uses instead the interpolation between the weighted bounded-
ness of Theorem 3.4.2 and the unweighted L2 boundedness result of Theorem
2.2.7. The details are left to the interested reader. 
If we don’t insist on proving weighted boundedness results valid for all Ap
weights then, it is possible to improve on the number of derivatives in the
estimates and push the numerology almost all the way to those that guaranty
unweighted Lp boundedness. Therefore, there is the trade-off between the
generality of weights and loss of derivatives as will be discussed below.
Theorem 3.4.5. Let C ⊂ (Rn×Rn \0)×(Rn×Rn \0), be a conic manifold
which is locally a canonical graph, see e.g. [20] for the definitions. Let
π : C → Rn×Rn denote the natural projection. Suppose that for every λ0 =
(x0, ξ0, y0, η0) ∈ C there is a conic neighborhood Uλ0 ⊂ C of λ0 and a smooth
map πλ0 : C ∩ Uλ0 → C, homogeneous of degree 0, with rank dπλ0 = 2n − 1,
such that
π = π ◦ πλ0 .
Let T ∈ Im̺,comp(Rn×Rn; C) (see [20]) with 12 ≤ ̺ ≤ 1 and m < (̺−n)|1p− 12 |.
Then for all w ∈ Ap there exists α ∈ (0, 1) depending on m, ̺, δ, p and [w]Ap
such that, for all ε ∈ [0, α], the Fourier integral operator Ta,ϕ is bounded on
Lpwε where 1 < p <∞.
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Proof. By the equivalence of phase function theorem, which for 12 < ̺ ≤ 1
is due to Ho¨rmander [20] and for ̺ = 12 is due to Greenleaf-Uhlmann [15],
we reduce the study of operator T to that of a finite linear combination of
operators which in appropriate local coordinate systems have the form
(3.4.11) Tau(x) = (2π)
−n
∫∫
eiϕ(x,ξ)−i〈y,ξ〉 a(x, ξ)u(y)dy dξ,
where a ∈ Sm̺,1−̺ with compact support in x variable, and ϕ homogeneous
of degree 1 in ξ, with det ∂2xξϕ(x, ξ) 6= 0 and rank ∂2ξξϕ(x, ξ) = n− 1. If m ≤
−n+12 ̺+n(̺−1), then Theorem 3.4.4 case (a) yields the result, so we assume
that m > −n+12 ̺+n(̺− 1). Also by assumption of the theorem we can find
am2, which we shall fix from now on, such thatm < m2 < (̺−n)|1p− 12 | and
m1 < −n+12 ̺+n(̺−1). Now a result of Seeger-Sogge-Stein, namely Theorem
5.1 in [33] yields that operators Ta with amplitudes compactly supported in
the x variable in the class Sm2̺,1−̺, and phase functions ϕ(x, ξ) satisfying
rank∂2ξξϕ(x, ξ) = n − 1 are bounded on Lp. Furthermore by Theorem 3.4.4
case (a), The operators Ta with a ∈ Sm1̺,δ are bounded on Lpw, p ∈ (1,∞).
Therefore, Lemma 3.4.3 yields the desired result. 
A similar result also holds for operators with amplitudes in Sm̺,δ with
without any rank condition on the phase function.
Theorem 3.4.6. Let a(x, ξ) ∈ Sm̺,δ, ϕ(x, ξ) be a strongly non-degenerate
phase function with ϕ(x, ξ) − 〈x, ξ〉 ∈ Φ1, and λ := min(0, n(̺ − δ)), with
either of the following ranges of parameters:
(1) 0 ≤ ̺ ≤ 1, 0 ≤ δ ≤ 1, 1 ≤ p ≤ 2 and
m < n(̺− 1)
(
2
p
− 1
)
+
(
n− 1)(1
2
− 1
p
)
+ λ
(
1− 1
p
)
;
or
(2) 0 ≤ ̺ ≤ 1, 0 ≤ δ ≤ 1, 2 ≤ p ≤ ∞ and
m < n(̺− 1)
(
1
2
− 1
p
)
+ (n− 1)
(
1
p
− 1
2
)
+
λ
p
.
Then for all w ∈ Ap there exists α ∈ (0, 1) depending on m, ̺, δ, p and [w]Ap
such that, for all ε ∈ [0, α], the Fourier integral operator Ta,ϕ is bounded on
Lpwε where 1 < p <∞.
Proof. The proof is similar to that of Theorem 3.4.5 and we only consider
the proof in case (1), since the other case is similar. We observe that since
Φ1 ⊂ Φ2 and 〈x, ξ〉 ∈ Φ2, the assumption ϕ(x, ξ) − 〈x, ξ〉 ∈ Φ1, implies that
ϕ(x, ξ) ∈ Φ2. To proceed with the proof we can assume thatm > −n because
otherwise by Proposition 3.2.1 there is nothing to prove. The assumption
of the theorem, enables us to find m2 such that
m < m2 < n(̺− 1)
(
2
p
− 1
)
+
(
n− 1)(1
2
− 1
p
)
+ λ
(
1− 1
p
)
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and m1 < −n. Now Theorem 2.4.1 yields that operators Ta with amplitudes
in the class Sm2̺,δ , and strongly non-degenerate phase functions ϕ(x, ξ) ∈ Φ2
are bounded on Lp. Furthermore Proposition 3.2.1 yields that operators Ta
with b ∈ Sm1̺,δ are bounded on Lpw. Therefore, Lemma 3.4.3 yields once again
the desired result for the range 1 < p ≤ 2. 
Finally, for operators with non-smooth amplitudes we can prove the fol-
lowing:
Theorem 3.4.7. Let a(x, ξ) ∈ L∞Sm̺ , 0 ≤ ̺ ≤ 1, and let ϕ(x, ξ)− 〈x, ξ〉 ∈
Φ1, with a strongly non-degenerate ϕ and either of the following ranges of
parameters:
(a) 1 ≤ p ≤ 2 and
m <
n
p
(̺− 1) + (n− 1)(1
2
− 1
p
)
;
or
(b) 2 ≤ p ≤ ∞ and
m <
n
2
(̺− 1) + (n− 1)
(
1
p
− 1
2
)
.
Then for all w ∈ Ap there exists α ∈ (0, 1) depending on m, ̺, p and [w]Ap
such that, for all ε ∈ [0, α], the Fourier integral operator Ta,ϕ is bounded on
Lpwε.
Proof. The proof is a modification of that of Theorem 3.4.6, where one
also uses Theorem 2.4.2. The straightforward modifications are left to the
interested reader. 
Here we remark that if in the proofs of Theorems 3.4.6 and 3.4.7 we
would have used Theorem 3.4.4 case (b) instead of Proposition 3.2.1 in the
proof above, then we would obtain a similar result, under the condition
|detn−1∂2ξξϕ(x, ξ)| ≥ c > 0 on the phase, but with an improved α as com-
pared to those in the statements of Theorems 3.4.6 and 3.4.7.
Chapter 4. Applications in harmonic analysis and partial
differential equations
In this chapter, we use our weighted estimates proved in the previous
chapter to show the boundedness of constant coefficient Fourier integral op-
erators in weighted Triebel-Lizorkin spaces. This is done using vector-valued
inequalities for the aforementioned operators. We proceed by establishing
weighted and unweighted Lp boundedness of commutators of a wide class
of Fourier integral operators with functions of bounded mean oscillation
(BMO), where in some cases we also show the weighted boundedness of it-
erated commutators. The boundedness of commutators are proven using the
weighted estimates of the previous chapter and a rather abstract complex
analytic method. Finally in the last section, we prove global unweighted and
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local weighted estimates for the solutions of the Cauchy problem for m-th
and second order hyperbolic partial differential equations on Rn.
4.1. Estimates in weighted Triebel-Lizorkin spaces. In this section,
we investigate the problem of the boundedness of certain classes on Fourier
integral operators in weighted Triebel-Lizorkin spaces. The result obtained
here can be viewed as an example of the application of weighted norm in-
equalities for FIO’s. The main reference for this section is [13] and we will
refer the reader to that monograph for the proofs of the statements concern-
ing vector-valued inequalities.
Definition 4.1.1. An operator T defined in Lp(µ) ( this denotes Lp spaces
with measure dµ) is called linearizable if there exits a linear operator U
defined on Lp(µ) whose values are Banach space-valued functions such that
(4.1.1) |Tu(x)| = ‖Uu(x)‖B , u ∈ Lp(µ)
We shall use the following theorem due to Garcia-Cuerva and Rubio de
Francia, whose proof can be found in [13].
Theorem 4.1.2. Let Tj be a sequence of linearizable operators and suppose
that for some fixed r > 1 and all weights w ∈ Ar
(4.1.2)
∫
|Tju(x)|rw(x) dx ≤ Cr(w)
∫
|u(x)|rw(x) dx,
with Cr(w) depending on the weight w. Then for 1 < p, q <∞ and w ∈ Ap
one has the following weighted vector-valued inequality
(4.1.3)
∥∥∥{∑
j
|Tjuj|q
} 1
q
∥∥∥
Lpw
≤ Cp,q(w)
∥∥∥{∑
j
|uj|q
} 1
q
∥∥∥
Lpw
.
Next we recall the definition of the weighted Triebel-Lizorkin spaces, see
e.g. [39]
Definition 4.1.3. Start with a partition of unity
∑∞
j=0 ψj(ξ) = 1, where
ψ0(ξ) is supported in |ξ| ≤ 2, ψj(ξ) for j ≥ 1 is supported in 2j−1 ≤ |ξ| ≤
2j+1 and |∂αψj(ξ)| ≤ Cα2−j|α|, for j ≥ 1. Given s ∈ R, 1 ≤ p ≤ ∞,
1 ≤ q ≤ ∞, and w ∈ Ap, a tempered distribution u belongs to the weighted
Triebel-Lizorkin space F s,pq, w if
(4.1.4) ‖u‖F s,pq, w :=
∥∥∥∥{ ∞∑
j=0
|2jsψj(D)u|q
} 1
q
∥∥∥∥
Lpw
<∞,
From this it follows that for a linear operator T the estimate
(4.1.5) ‖Tu‖
F s
′,p
q, w
. ‖u‖F s,pq, w ,
is implied by
(4.1.6)
∥∥∥∥{ ∞∑
j=0
|2js′ψj(D)Tu|q
} 1
q
∥∥∥∥
Lpw
.
∥∥∥∥{ ∞∑
j=0
|2jsψj(D)u|q
} 1
q
∥∥∥∥
Lpw
.
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Now if one is in the situation where [T, ψj ] = 0, then (4.1.6) is equivalent to
(4.1.7)∥∥∥∥{ ∞∑
j=0
|2j(s′−s)T (2jsψj(D)u)|q
} 1
q
∥∥∥∥
Lpw
.
∥∥∥∥{ ∞∑
j=0
|2jsψj(D)u|q
} 1
q
∥∥∥∥
Lpw
.
Therefore, setting Tj := 2
j(s′−s)T and uj := 2jsψju and assuming that
s ≥ s′, (4.1.7) has the same form as the the vector-valued inequality (4.1.3)
and follows from (4.1.2). Using these facts yields the following result,
Theorem 4.1.4. Let a(ξ) ∈ S−
n+1
2
1,0 and ϕ ∈ Φ1 with |detn−1∂2ξξϕ(ξ)| ≥ c >
0. Then for s ≥ s′, 1 < p <∞, 1 < q <∞, and w ∈ Ap, the Fourier integral
operator
Tu(x) =
1
(2π)n
∫
Rn
eiϕ(ξ)+i〈x,ξ〉a(ξ)uˆ(ξ) dξ
satisfies the estimate
(4.1.8) ‖Tu‖
F s
′,p
q, w
. ‖u‖F s,pq, w
Proof. We only need to check that Tj = 2
j(s′−s)T satisfies (4.1.2). But this
follows from the assumption s ≥ s′ and Theorem 3.4.4 part (b) concerning
the global weighted boundedness of Fourier integral operators. 
4.2. Commutators with BMO functions. In this section we show how
our weighted norm inequalities can be used to derive the Lp boundedness
of commutators of functions of bounded mean oscillation with a wide range
of pseudodifferential operators. We start with the precise definition of a
function of bounded mean oscillation.
Definition 4.2.1. A locally integrable function b is of bounded mean oscil-
lation if
(4.2.1) ‖b‖BMO := sup
B
1
|B|
∫
B
|b(x)− bB|dx <∞,
where the supremum is taken over all balls in Rn. We denote the set of such
functions by BMO.
For b ∈ BMO it is well-known that for any γ < 12ne , there exits a constant
Cn,γ so that for u ∈ BMO and all balls B,
(4.2.2)
1
|B|
∫
B
eγ|b(x)−bB |/‖u‖BMO dx ≤ Cn,γ .
For this see [14, p. 528]. The following abstract lemma will enable us to prove
the Lp boundedness of the BMO commutators of Fourier integral operators.
Lemma 4.2.2. For 1 < p <∞, let T be a linear operator which is bounded
on Lpwε for all w ∈ Ap for some fixed ε ∈ (0, 1]. Then given a function
b ∈ BMO, if Ψ(z) := ∫ ezb(x)T (e−zb(x)u)(x)v(x) dx is holomorphic in a disc
|z| < λ, then the commutator [b, T ] is bounded on Lp.
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Proof. Without loss of generality we can assume that ‖b‖BMO = 1. We
take u and v in C∞0 with ‖u‖Lp ≤ 1 and ‖v‖Lp′ ≤ 1, and an application
of Ho¨lder’s inequality to the holomorphic function Ψ(z) together with the
assumption on v yield
|Ψ(z)|p ≤
∫
epRe zb(x)|T (e− z b(x)u)|p dx.
Our first goal is to show that the function Ψ(z) defined above is bounded on
a disc with centre at the origin and sufficiently small radius. At this point
we recall a lemma due to Chanillo [7] which states that if ‖b‖BMO = 1, then
for 2 < s <∞, there is an r0 depending on s such that for all r ∈ [−r0, r0],
erb(x) ∈ A s
2
.
Taking s = 2p in Chanillo’s lemma, we see that there is some r1 depending on
p such that for |r| < r1, erb(x) ∈ Ap. Then we claim that if R := min (λ, εr1p )
and |z| < R then |Ψ(z)| . 1. Indeed since R < εr1p we have |Re z| < εr1p and
therefore |pRe zε | < r1. Therefore Chanillo’s lemma yields that for |z| < R,
w := e
pRe z
ε
b(x) ∈ Ap and since epRe zb(x) = wε, the assumption of weighted
boundedness of T and the Lp bound on u, imply that for |z| < R
|Ψ(z)|p ≤
∫
epRe zb(x)|T (e− z b(x)u)|p dx
=
∫
wε|T (e− z b(x)u)|p dx
.
∫
wε|e− z b(x)u|p dx =
∫
wεw−ε|u|p dx . 1,
and therefore |Ψ(z)| . 1 for |z| < R. Finally, using the holomorphicity of
Ψ(z) in the disc |z| < R, Cauchy’s integral formula applied to the circle
|z| = R′ < R, and the estimate |Ψ(z)| . 1, we conclude that
|Ψ′(0)| ≤ 1
2π
∫
|z|=R′
|Ψ(ζ)|
|ζ2| |dζ| . 1.
By construction of Ψ(z), we actually have that Ψ′(0) =
∫
v(x)[b, T ]u(x) dx
and the definition of the Lp norm of the operator [b, T ] together with the
assumptions on u and v yield at once that [f, T ] is a bounded operator from
Lp to itself for p. 
The following lemma guarantees the holomorphicity of
Ψ(z) :=
∫
ezb(x)Ta,ϕ(e
−zb(x)u)(x)v(x) dx,
when Ta,ϕ is a L
2 bounded Fourier integral operator.
Lemma 4.2.3. Assume that ϕ is a strongly non-degenerate phase function
in the class Φ2 and suppose that either:
(a) Ta,ϕ is a Fourier integral operator with a ∈ Sm̺,δ, 0 ≤ ̺ ≤ 1, 0 ≤ δ <
1, m = min(0, n2 (̺− δ)) or
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(b) Ta,ϕ is a Fourier integral operator with a ∈ L∞Sm̺ , 0 ≤ ̺ ≤ 1,
m < n2 (̺− 1).
Then given b ∈ BMO with ‖b‖BMO = 1 and u and v in C∞0 , there exists
λ > 0 such that the function Ψ(z) :=
∫
ezb(x)Ta,ϕ(e
−zb(x)u)(x)v(x) dx is
holomorphic in the disc |z| < λ.
Proof. (a) From the explicit representation of Ψ(z)
(4.2.3) Ψ(z) =
∫∫∫
a(x, ξ) eiϕ(x,ξ)−i〈y,ξ〉 ezb(x)−zb(y) v(x)u(y) dy dξ dx
we can without loss of generality assume that a(x, ξ) has compact x−support.
For f ∈ S and ε ∈ (0, 1) we take χ(ξ) ∈ C∞0 (Rn) such that χ(0) = 1 and
set
(4.2.4) Taε,ϕf(x) =
∫
a(x, ξ)χ(εξ) eiϕ(x,ξ) fˆ(ξ) dξ.
Using this and the assumption of the compact x−support of the amplitude,
one can see that for f ∈ S , limε→0 Taε,ϕf = Ta,ϕf in the Schwartz class
S and also limε→0 ‖Taε,ϕf − Ta,ϕf‖L2 = 0. Since a(x, ξ)χ(εξ) ∈ Sm̺,δ with
seminorms that are independent of ε, it follows from our assumptions on
the amplitude and the phase and Theorem 2.2.6 that ‖Taε,ϕf‖L2 . ‖f‖L2
with a L2 bound that is independent of ε. Therefore, the density of S in
L2 yields
(4.2.5) lim
ε→0
‖Taε,ϕf − Ta,ϕf‖L2 = 0,
for all f ∈ L2. Now if we define
Ψε(z) :=
∫
ezb(x)Taε,ϕ(e
−zb(x)u)(x)v(x) dx
(4.2.6)
=
∫∫∫
a(x, ξ)χ(εξ) eiϕ(x,ξ)−i〈y,ξ〉 ezb(x)−zb(y) v(x)u(y) dy dξ dx,
then the integrand in the last expression is a holomorphic function of z.
Furthermore, from (4.2.2) and the assumption ‖b‖BMO = 1 one can deduce
that for all p ∈ [1,∞) and |z| < γp , and all compact sets K one has
(4.2.7)
∫
K
e±pRe z b(x) dx ≤ Cγ(K).
This fact shows that ue−z b and vez b both belong to Lp for all p ∈ [1,∞)
provided |z| < γp . These together with the compact support in ξ of the
integrand defining Ψε(z) and uniform bounds on the amplitude in x, yield
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the absolute convergence of the integral in (4.2.6) and therefore Ψε(z) is a
holomorphic function in |z| < 1. Now we claim that for γ as in (4.2.2),
lim
ε→0
sup
|z|< γ
2
|Ψε(z)−Ψ(z)| = 0.
Indeed, since γ2 <
1
2 , one has for |z| < γ2
|Ψε(z)−Ψ(z)| =
∣∣∣∣∫ v(x)ezb(x) [Taε,ϕ − Ta,ϕ](e−zbu)(x) dx∣∣∣∣
≤ ‖v ezb‖L2
∥∥[Taε,ϕ − Ta,ϕ](u e−zb)∥∥L2
≤ ‖v‖L∞
{∫
supp v
e2Re zb(x) dx
} 1
2
‖[Taε,ϕ − Ta,ϕ](u e−zb)‖L2 .
Therefore, using (4.2.7) with p = 2 and (4.2.5) yield that
lim
ε→0
sup
|z|< γ
2
|Ψε(z)−Ψ(z)| = 0
and hence Ψ(z) is a holomorphic function in |z| < λ with λ ∈ (0, γ2 ).
(b) Using the semiclassical reduction in the proof of Theorem 2.2.1, we
decompose the operator Ta,ϕ into low and high frequency parts, T0 and
Th. From this it follows that Ψ0(z) :=
∫
ezb(x)T0(e
−zb(x)u)(x)v(x) dx can be
written as
(4.2.8) Ψ0(z) =∫ {∫ ∫
eiϕ(x,ξ)−i〈y,ξ〉 χ0(ξ) a(x, ξ)u(y) e−zb(y) dy dξ
}
v(x) ezb(x) dx
and Ψh(z) :=
∫
ezb(x)Th(e
−zb(x)u)(x)v(x) dx is given by
(4.2.9) Ψh(z) =
h−n
∫ {∫∫
e
i
h
ϕ(x,ξ)− i
h
〈y,ξ〉 χ(ξ) a(x, ξ/h)u(y) e−zb(y) dy dξ
}
v(x) ezb(x) dx,
Now we claim that for Ψ0(z) and Ψh(z) are holomorphic in |z| < 1. To see
this, we reason in a way similar to the proof of part (a). Namely, using the
compact support in ξ of the integrands of (4.2.8) and (4.2.9) and uniform
bounds on the amplitude in x, yield the absolute convergence of the integrals
in (4.2.8) and (4.2.9) and therefore Ψ0(z) and Ψh(z) are holomorphic func-
tions in |z| < 1. Next we proceed with a uniform estimate (in z) for Ψh(z).
For this we use once again that ue−z b and vez b both belong to L2 provided
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|z| < γ2 . Therefore the Cauchy-Schwartz inequality and (2.2.3) yield
|Ψh(z)| =
∣∣∣∣∫ v(x)ezb(x)Th(e−zbu)(x) dx∣∣∣∣
(4.2.10)
≤ ‖u e−zb‖L2‖T ∗h (v ezb)‖L2 ≤ ‖u e−zb‖L2‖ThT ∗h (v ezb)‖1/2L2 ‖v ezb‖
1/2
L2
≤ h−m−(1−̺)M/2‖u e−zb‖L2‖v ezb‖L2 . h−m−(1−̺)M/2
Hence, |Ψh(z)| . h−m−(1−̺)M/2 and setting h = 2−j , usingm < n2 (̺−1) and
summing in j we would have a uniformly convergent series of holomorphic
functions which therefore converges to a holomorphic function and by taking
a λ in the interval (0, γ2 ) we conclude the holomorphicity of Ψ(z) in |z| < λ.

Lemmas 4.2.2 and 4.2.3 yield our main result concerning commutators
with BMO functions, namely
Theorem 4.2.4. Suppose either
(a) T ∈ Im̺,comp(Rn ×Rn; C) with 12 ≤ ̺ ≤ 1 and m < (̺ − n)|1p − 12 |,
satisfies all the conditions of Theorem 3.4.5 or;
(b) Ta,ϕ with a ∈ Sm̺,δ, 0 ≤ ̺ ≤ 1, 0 ≤ δ ≤ 1, λ = min(0, n(̺ − δ)) and
ϕ(x, ξ) is a strongly non-degenerate phase function with ϕ(x, ξ) −
〈x, ξ〉 ∈ Φ1, where in the range 1 < p ≤ 2,
m < n(̺− 1)
(
2
p
− 1
)
+
(
n− 1)(1
2
− 1
p
)
+ λ
(
1− 1
p
)
;
and in the range 2 ≤ p <∞
m < n(̺− 1)
(
1
2
− 1
p
)
+ (n− 1)
(
1
p
− 1
2
)
+
λ
p
;
or
(c) Ta,ϕ with a ∈ L∞Sm̺ , 0 ≤ ̺ ≤ 1 and ϕ is a strongly non-degenerate
phase function with ϕ(x, ξ)−〈x, ξ〉 ∈ Φ1, where in the range 1 < p ≤
2,
m <
n
p
(̺− 1) + (n− 1)(1
2
− 1
p
)
,
and for the range 2 ≤ p <∞
m <
n
2
(̺− 1) + (n− 1)
(
1
p
− 1
2
)
.
Then for b ∈ BMO, the commutators [b, T ] and [b, Ta,ϕ] are bounded on Lp
with 1 < p <∞.
Proof. (a) One reduces T to a finite sum of operators of the form Ta as
in the proof of Theorem 3.4.5. That theorem also yields the existence of
an ε ∈ (0, 1) such that Ta with a ∈ Sm̺,1−̺ and m < (̺ − n)|1p − 12 | is
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Lpwε−bounded. Moreover, since m < (̺ − n)|1p − 12 | ≤ 0, and 1 − ̺ ≤ ̺,
Theorem 2.2.6 yields that Ta is L
2 bounded. Hence, if
Ψ(z) =
∫
ezb(x)Ta(e
−zb(x)u)(x)v(x) dx
with u and v in C∞0 , then Lemma 4.2.3 yields that Ψ(z) is holomorphic in
a neighbourhood of the origin. Therefore, Lemma 4.2.2 implies that the
commutator [b, Ta] is bounded on L
p and the linearity of the commutator in
T allows us to conclude the same result for a finite linear combinations of
operators of the same type as Ta. This ends the proof of part (a).
(b) The proof of this part is similar to that of part (a). Here we observe
that for any ranges of p in the statement of the theorem, the order of the
amplitudem < min(0, n2 (̺−δ)) and so Ta,ϕ is L2 bounded. Now, application
of 3.4.6, Theorem 2.2.6 and Lemma 4.2.3 part (a), concludes the proof.
(c) The proof of this part is similar to that of part (b). For any ranges
of p, the order of the amplitude m < n2 (̺ − 1) and so Ta,ϕ is L2 bounded.
Therefore, Theorem 3.4.7, Theorem 2.2.1 and Lemma 4.2.3 part (b), yield
the desired result.

Finally, the weighted norm inequalities with weights in all Ap classes have
the advantage of implying weighted boundedness of repeated commutators.
Namely, one has
Theorem 4.2.5. Let a(x, ξ) ∈ L∞S−
n+1
2
̺+n(̺−1)
̺ and ̺ ∈ [0, 1]. Suppose
that either
(a) a(x, ξ) is compactly supported in the x variable and the phase func-
tion ϕ(x, ξ) ∈ C∞(Rn×Rn \ 0), is positively homogeneous of degree
1 in ξ and satisfies, det ∂2xξϕ(x, ξ) 6= 0 as well as rank ∂2ξξϕ(x, ξ) =
n− 1; or
(b) ϕ(x, ξ) − 〈x, ξ〉 ∈ L∞Φ1, ϕ satisfies either the strong or the rough
non-degeneracy condition (depending on whether the phase is spa-
tially smooth or not), as well as |detn−1∂2ξξϕ(x, ξ)| ≥ c > 0.
Then, for b ∈ BMO and k a positive integer, the k-th commutator defined
by
Ta,b,ku(x) := Ta
(
(b(x) − b(·))ku)(x)
is bounded on Lpw for each w ∈ Ap and p ∈ (1,∞).
Proof. The claims in (a) and (b) are direct consequences of Theorem 3.4.4
and Theorem 2.13 in [1]. 
4.3. Applications to hyperbolic partial differential equations. It is
wellknown, see e.g. [10], that the Cauchy problem for a strictly hyperbolic
partial differential equation
(4.3.1)
{
Dmt +
∑m
j=1 Pj(x, t,Dx)D
m−j
t , t 6= 0
∂jt u|t=0 = fj(x), 0 ≤ j ≤ m− 1
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can be solved locally in time and modulo smoothing operators by
(4.3.2) u(x, t) =
m−1∑
j=0
m∑
k=1
∫
Rn
eiϕk(x,ξ,t)ajk(x, ξ, t) f̂j(ξ) dξ
where ajk(x, ξ, t) are suitably chosen amplitudes depending smoothly on t
and belonging to S−j1,0, and the phases ϕk(x, ξ, t) also depend smoothly on
t, are strongly non-degenerate and belong to the class Φ2. This yields the
following:
Theorem 4.3.1. Let u(x, t) be the solution of the hyperbolic Cauchy problem
(4.3.1) with initial data fj . Let mp = (n−1)|1p− 12 |, for a given p ∈ [1,∞]. If
fj ∈ Hs+mp−j,p(Rn) and T ∈ (0,∞) is fixed, then for any ε > 0 the solution
u(·, t) ∈ Hs−ε,p(Rn), satisfies the global estimate
(4.3.3) ‖u(·, t)‖Hs−ε,p ≤ CT
m−1∑
j=0
‖fj‖Hs+mp−j,p , t ∈ [−T, T ], p ∈ [1,∞]
Proof. The result follows at once from the Fourier integral operator repre-
sentation (4.3.2) and Corollary 2.4.3. 
The representation formula (4.3.2) also yields the following local weighted
estimate for the solution of the Cauchy problem for the second order hyper-
bolic equation above and in particular for variable coefficient wave equation.
In this connection we recall that Hsw := {u ∈ S ′; (1−∆)
s
2u ∈ Lpw, w ∈ Ap}.
Theorem 4.3.2. Let u(x, t) be the solution of the hyperbolic Cauchy problem
(4.3.1) with m = 2 and initial data fj. For p ∈ (1,∞), if fj ∈ Hs+
n+1
2
−j,p
w (Rn)
with w ∈ Ap, and if T ∈ (0,∞) is small enough, then the solution u(·, t) is
in Hs,pw (Rn) and satisfies the weighted estimate
(4.3.4) ‖χu(·, t)‖Hs,pw ≤ CT
1∑
j=0
‖fj‖
H
s+n+12 −j,p
w
, t ∈ [−T, T ]\{0}, ∀w ∈ Ap,
and all χ ∈ C∞0 (Rn).
Proof. In the case when m = 2 then one has the important property that
rank ∂2ξξϕ(x, ξ, t) = n− 1,
for t ∈ [−T, T ] \ {0} and small T. This fact and the localization of the
solution u(x, t) is the spatial variable x, enable us to use Theorem 3.4.4 in
the case ̺ = 1, from which the theorem follows. 
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